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Abstract: In six-dimensional supergravity, there is a natural sense in which matter lying
in certain representations of the gauge group is “generic,” in that other “exotic” matter repre-
sentations require more fine tuning. From considerations of the dimensionality of the moduli
space and anomaly cancellation conditions, we find that the generic sets of matter represen-
tations are well-defined for 6D supergravity theories with gauge groups containing arbitrary
numbers of nonabelian factors and U(1) factors. These generic matter representations also
match with those that arise in the most generic F-theory constructions, both in 6D and in 4D,
with non-generic matter representations requiring more exotic singularity types. The analysis
of generic versus exotic matter illuminates long-standing puzzles regarding F-theory models
with multiple U(1) factors and provides a useful framework for analyzing the 6D “swampland”
of apparently consistent low-energy theories that cannot be realized through known string
constructions. We note also that the matter content of the standard model is generic by the
criteria used here only if the global structure is SU(3)c × SU(2)L ×U(1)Y /Z6.
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1 Introduction
In principle, it seems possible to define low-energy field theories in various dimensions with a
given gauge group G and matter that can live in essentially any representation of the group
G. For example, one could imagine a quantum field theory with a U(1) gauge group and
elementary particles associated with excitations of matter fields that transform with fairly
arbitrary combinations of charges qi, or a QFT with an SU(2) gauge group and elementary
particles transforming in a representation of SU(2) with arbitrarily large dimension. From
this point of view, it may seem surprising that the standard model of particle physics that we
observe in nature has only very simple types of charges under the electromagnetic, weak, and
strong forces.
From the point of view of string theory, however, the most natural constructions tend to
lead to fairly simple representations, such as the fundamental, adjoint, and two-index anti-
symmetric and symmetric representations of SU(N). There are also constraints from quantum
consistency conditions such as anomalies that limit the set of possible matter representations,
particularly in higher-dimensional theories with more symmetry.
In this paper we consider the question of whether some matter representations are more
generic than others in a concrete context where the notion of “generic” can be given a quan-
titative meaning. In particular, we consider matter spectra in six-dimensional N = (1, 0)
supergravity theories. Six is the largest dimension in which a supersymmetric theory with a
gauge group G can have matter in any representation other than the adjoint. Six dimensional
supergravity also has very strong conditions for the cancellation of gauge, gravitational, and
mixed gauge–gravitational anomalies [1, 2]; these anomaly cancellation conditions, for exam-
ple, restrict the set of possible matter representations of nonabelian gauge groups to a finite
set (at least when the number of tensor multiplets does not exceed 8) [3, 4], although they
do not place a bound on U(1) charges [5]. Perhaps most importantly, however, the space of
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six-dimensional supergravity theories consists of a set of interconnected1 branches, where each
branch constitutes a moduli space of fixed dimensionality. By comparing the dimensionality
of a branch of moduli space having, for example, a U(1) gauge group and elementary charges
q = 1, 2 with a branch having a U(1) gauge group and elementary charges q = 1, 2, 3 and the
same anomaly coefficients, we can say that the former set of charges is more generic because
the dimensionality of the first branch of the moduli space is larger, so that the set of theories
with charges q = 3 requires more fine tuning of the theory.
A precise definition of generic matter representations requires consideration of how the
matter content depends on the anomaly structure of the theory. After a brief review of 6D
anomaly conditions in Section 2, we consider the notion of generic matter in 6D from the points
of view of moduli space dimension and anomalies in Section 3, and in Section 4 we describe
generic matter in F-theory and discuss how generic matter illuminates questions about the
6D string landscape and swampland. By analyzing the dimensionality of various branches
of the 6D supergravity moduli space with different charge content, we find that in many
situations generic matter representations can be defined as those on the branch of moduli
space of greatest dimension, when the other discrete parameters of the theory are taken to be
fixed. In the simplest cases, with at most one nonabelian gauge factor and one abelian U(1)
factor, this notion matches well with the anomaly cancellation conditions, in the sense that the
number of distinct generic matter representations matches the number of anomaly cancellation
conditions, so that the generic matter content in a given theory is determined as a unique
solution of the anomaly cancellation equations restricted to the generic matter fields; these
equations are fixed in terms of the discrete parameters characterizing the number of tensor
multiplets, the gauge group, and the anomaly coefficients. Furthermore, we find that the types
of generic matter singled out by moduli space dimensions and anomaly cancellation conditions
match precisely with the types of matter constructed in the most generic F-theory models with
a given gauge group. As examples, in the case of a U(1) gauge group, all of these considerations
point to q = 1, 2 as the generic matter charges, and in the case of a single SU(2) gauge group,
generic matter is in the fundamental and adjoint representations. As the gauge group becomes
more complicated, however, generic matter becomes less uniquely defined; in particular, we
find that when there are multiple U(1) factors, the number of anomaly-inequivalent charge
combinations associated with generic matter becomes larger than the number of anomaly
cancellation conditions, so that in the “generic” models of maximal moduli space dimension,
only a subset of all the generic charge combinations are realized.
While most of the considerations in this paper are based on 6D supergravity, the fact that
the generic matter representations identified in 6D match with those constructed by generic
F-theory models suggests that the same or similar notions of generic matter may be relevant
1It is not proven that all consistent 6D supergravity theories lie on a single connected moduli space. This is
true of all conventional F-theory models, since all elliptic Calabi–Yau threefolds are connected through various
topological transitions, as discussed in, e.g., [4]. There may, however, be other branches associated with “frozen
phase” F-theory models that are not connected in the same way with the set of conventional F-theory models
[6].
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in four dimensions. In Section 5, we discuss how the framework of this paper illuminates
various questions relevant to both 6D and 4D supergravity, including the possible relevance of
this kind of analysis to the standard model. In Section 6, we make some concluding remarks
and describe some further directions for related investigations.
We close this introduction with a brief discussion of the term “generic” and the sense in
which the matter representations we define as generic here are natural from a physics per-
spective. The word “generic” is a somewhat dangerous term, which is used in many different
ways by physicists. We use this term here in a very specific way. In particular, we define
generic matter representations to be those that arise in 6D supergravity theories with a fixed
gauge group and number of tensor multiplets on the moduli space branch of highest dimen-
sionality given relatively small anomaly coefficients. We feel this term is appropriate and
useful in this context because it matches structure associated with anomaly cancellation con-
ditions and the geometry of F-theory. The idea that the generic matter fields are those on
the largest-dimensional component of moduli space essentially captures the idea that other
matter representations involve some fine tuning, in the same sense that an arbitrary point
xi in a 37-dimensional space is more generic than one that satisfies a system of 16 algebraic
equations fj(x) = 0. An important aspect of this definition is, however, that we have fixed
the gauge group of the theory, and the generic matter fields are defined only with respect to
this certain choice of gauge group. More broadly speaking, some gauge groups themselves
may be non-generic from the point of view of string compactifications. For example, in 6D
supergravity theories coming from F-theory, if we fix the number of tensor multiplets and the
string charge lattice—associated with a given choice of elliptic Calabi–Yau threefold for the
F-theory geometry—the only generic gauge groups are those associated with non-Higgsable
clusters [7], which typically support no or minimal matter. The generic matter fields for a
given gauge group G that we describe here thus address what is in some sense a second-order
question, where the gauge group G itself may require some fine-tuning of the geometry and we
inquire about the expectations for generic matter given that first-order fine tuning. In terms
of the full 6D supergravity moduli space, the branches with a tuned gauge group are them-
selves of smaller dimensionality than the generic branches with only (supersymmetrically)
non-Higgsable gauge group factors. How this notion of genericity for either gauge groups or
matter applies for four-dimensional theories, from F-theory or otherwise, is much less clear,
although at the geometric level there are certain gauge groups that are similarly generic as-
sociated with 4D non-Higgsable clusters [8]; we discuss questions of generic matter for 4D
theories a bit further in Section 5.2.
Finally, another important issue that we have not addressed here is the role of strongly
coupled matter, associated in the F-theory picture with (4, 6) non-Kodaira type singularities at
codimension two in the base of the elliptic fibration. These are associated with superconformal
field theories (SCFTs) coupled to the gravity theory giving rise to “conformal matter” [9, 10].
Studies of the global structure of the space of 4D F-theory models show that such strongly
coupled conformal matter appears quite broadly throughout the string landscape [11, 12], and
may in fact provide a natural mechanism for realizing the standard model within 4D F-theory
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[13, 14]. Incorporating strongly coupled conformal matter into our understanding of generic
gauge groups and matter in a systematic way presents promising avenues for further research.
2 Anomaly conditions in 6D supergravity
We write the gauge group in the form
G =
r∏
κ=1
Gκ ×
s∏
i=1
U(1)i , (2.1)
where the Gκ are simple nonabelian gauge group factors. In general, we will use lowercase
Greek letters to index simple nonabelian gauge group factors, and lowercase Roman letters to
index U(1) factors. The numbers of simple nonabelian and abelian gauge group factors are
respectively denoted r and s. Hypermultiplets in the irreducible representation R transform
in the representation Rκ of Gκ and have U(1)i charge qR,i. That is, we indicate the individual
factors of a representation via
R =
r⊗
κ=1
Rκ ⊗
s⊗
i=1
qR,i . (2.2)
Note that a hypermultiplet we refer to as being in representation R actually contains fields
transforming in both R and R, as the matter representations in a 6D theory must be quater-
nionic. For representationsR that are themselves quaternionic, we may have “half-hypermultiplets”
with half the field content, only transforming in the representation R.
The dimension dR of the representation R is given by
dR =
∏
κ
dRκ , (2.3)
where dRκ is the dimension of the representation Rκ of the gauge group factor Gκ. We use
dκR and d
κµ
R to respectively denote the number of Gκ and Gκ × Gµ representations Rκ and
Rκ ⊗Rµ in R, given by
dκR =
∏
λ 6=κ
dRλ , d
κµ
R =
∏
λ 6=κ,µ
dRλ . (2.4)
We use x with various superscripts and subscripts to indicate the number of hypermulti-
plets transforming in a given representation. Subscripts indicate representations, and super-
scripts indicate to which gauge factor these representations belong. Thus, for example, xκR
indicates the number of hypermultiplets transforming in the representation R of the factor
Gκ, x
κ,µ
R,S indicates the number of hypermultiplets transforming in the representation R⊗S of
the product Gκ×Gµ, and xi,j,k,`q,r,s,t indicates the number of hypermultiplets transforming in the
representation q ⊗ r ⊗ s ⊗ t of the abelian product U(1)i × U(1)j × U(1)k × U(1)`. For ease
of notation, we will omit the superscripts when they would include all factors of the gauge
group, so that, for example, xq,r := x
1,2
q,r for G = U(1)2. Because we use Rκ to explicitly
indicate a representation of factor Gκ and qi to indicate a charge of factor U(1)i, we will also
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use a compressed notation that omits the superscripts when they can be inferred from the
subscripts, e.g., xRκ,Rµ := x
κ,µ
Rκ,Rµ
.
These multiplicities are defined so as to account for the dimensions of the representa-
tions of the other group factors in every representation R˜ of G that contains the relevant
representation, i.e.,
xRκ =
∑
R˜⊃Rκ
xR˜d
κ
R˜
. (2.5)
Similarly, we have
xRκ,Rµ =
∑
R˜⊃Rκ⊗Rµ
xR˜d
κµ
R˜
,
xRκ,qi =
∑
R˜⊃Rκ⊗qi
xR˜d
κ
R˜
,
xRκ,qi,qj =
∑
R˜⊃Rκ⊗qi⊗qj
xR˜d
κ
R˜
,
xqi,qj ,qk,q` =
∑
R˜⊃qi⊗qj⊗qk⊗q`
xR˜dR˜ .
(2.6)
It is important to note that these multiplicities are related to one another when indices are
duplicated, e.g.,
xi,i,k,`q,r,s,t = δqrx
i,k,`
q,s,t , (no summation) . (2.7)
The numbers of massless vector multiplets and hypermultiplets are denoted V and H,
respectively, and are given by
V = VNA + VA =
∑
κ
dAdjκ + s , H =
∑
R
xRdR , (2.8)
where VNA is the number of nonabelian vector multiplets in the theory, VA = s is the number
of abelian vector multiplets, and Adjκ is the adjoint representation of the gauge group factor
Gκ. The number of tensor multiplets is denoted by T .
We will use tr to denote the trace in the fundamental representationand trR to denote
the trace in an arbitrary representation R.
The terms in the anomaly polynomial with no abelian field strength factors give rise to the
conditions for cancellation of gravitational, gauge, and mixed gauge–gravitational anomalies
for the nonabelian factors, which in the notation of [4] are
273 = H − V + 29T , (2.9a)
a · a = 9− T , (2.9b)
a · bκ = −1
6
λκ
(∑
Rκ
xRκARκ −AAdjκ
)
, (2.9c)
0 =
∑
Rκ
xRκBRκ −BAdjκ , (2.9d)
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bκ · bκ = 1
3
λ2κ
(∑
Rκ
xRκCRκ − CAdjκ
)
, (2.9e)
bκ · bµ = λκλµ
∑
Rκ,Rµ
xRκ,RµARκARµ , κ 6= µ . (2.9f)
The anomaly coefficients a and bκ are SO(1, T ) vectors in the string charge lattice Γ of the 6D
theory, and the notation x·y denotes the (integer-valued) SO(1, T )-invariant product Ωαβxαyβ
on Γ, where Ω is an invariant symmetric bilinear form in SO(1, T ) associated with the Dirac
pairing between string charges. Note that the indices κ, µ in Eq. (2.9f) must be distinct. For
each representation R of a given gauge group factor, the group theory coefficients AR, BR,
and CR are defined by
trR F
2 = AR trF
2 , trR F
4 = BR trF
4 + CR
(
trF 2
)2
. (2.10)
These group theory coefficients can be computed by hand for any given gauge group factor
SU(N) in a manner discussed in [3] and [15], among other sources, and can also be determined
systematically [16]. Note that for gauge groups without a quartic Casimir, like SU(2), SU(3),
and the exceptional groups, there is no coefficient BR and the anomaly equation (2.9d) does
not constrain the theory.
The λκ are normalization factors associated with the simple nonabelian Lie groups (given
by λκ = 2c∨κ/AAdjκ , where c
∨ is the dual Coxeter number), given in Table 1.
An Bn Cn Dn E6 E7 E8 F4 G2
λ 1 2 1 2 6 12 60 6 2
Table 1. Normalization factors for the simple Lie groups.
The terms in the anomaly polynomial with abelian field strength factors yield the U(1)
and mixed abelian–nonabelian anomaly equations, given by [17–19]
a · bij = −1
6
∑
qi,qj
xqi,qjqiqj , (2.11a)
0 =
∑
Rκ,qi
xRκ,qiERκqi , (2.11b)
bκ · bij = λκ
∑
Rκ,qi,qj
xRκ,qi,qjARκqiqj , (2.11c)
bij · bk` + bik · bj` + bi` · bjk =
∑
qi,qj ,qk,q`
xqi,qj ,qk,q`qiqjqkq` . (2.11d)
The bij are SO(1, T ) vectors in Γ, where, under the additional mild assumption that the 6D
supergravity theory can be compactified on any spin manifold with any smooth gauge field
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configuration, we have the additional condition bii ∈ 2Γ [20], and the fourth group theory
coefficient E is defined by
trR F
3 = ER trF
3 . (2.12)
Note that the indices in Eq. (2.11) need not be distinct.
We refer to Eqs. (2.9) and (2.11) collectively as the anomaly cancellation (AC) equations.
3 Generic matter
In this section we describe generic matter in 6D supergravity from several perspectives. We
begin with gauge groups containing only up to three U(1) factors and only nonabelian SU(N)
factors, and discuss at the end of the section how more U(1) factors and other nonabelian
factors can be analyzed in a similar fashion. Note that the analysis in this section is based
only on the structure of 6D supergravity theories and is independent of F-theory or any other
UV completion.
3.1 Generic matter representations for G = SU(N1) × · · · × SU(Nr) × U(1)s,
s ≤ 3
We begin by tabulating in Table 2 the set of fields that we identify as living in generic matter
representations for models of the form G = SU(N1)× · · · × SU(Nr)×U(1)s, for s ≤ 3. In the
following parts of this section, we describe in detail the sense in which this set of representations
can be considered “generic” from the points of view of moduli space dimension and anomaly
cancellation. In each case we identify a canonical subset of the fields that matches the number
of anomaly cancellation conditions. In all cases with no more than three abelian gauge factors,
when there is a solution to the anomaly equations containing only the canonical set of generic
matter fields, the dimensionality of the associated branch of the 6D supergravity theory should
be greater than (or equal to) that of any other branch with the same discrete structure of
tensor fields, gauge groups, anomaly coefficients, and string charge lattice. As discussed further
below, when there are multiple abelian or nonabelian factors, the canonical set indicated in the
table is not uniquely determined; for multiple abelian factors, different subsets of the full set
of generic matter fields can be realized in models with different signs of anomaly coefficients.
The generic matter fields in Table 2 arise with non-negative multiplicities in solutions to the
anomaly equations with small values of the anomaly coefficients; for nonabelian groups, the
corresponding dimension of the moduli space branch for a given gauge theory is larger than
for models with larger choices of anomaly coefficients. We illustrate the simplest examples of
generic matter in Section 3.2, and discuss in Section 3.5 some aspects of how the definition
of generic matter based on the dimension of moduli space branches relates to the choice of
anomaly coefficients.
There is extra freedom in the set of generic matter fields when multiple gauge factors are
involved, associated with the distinction between representations and their conjugates. This
kind of ambiguity in generic matter arises in particular in distinguishing the
(
,
)
and
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Canonical Representations Number Other Generic Representations
10 1
0
r
0
r≥4
Adj 0 r(
,
)
0
(
r
2
) (
,
)
0
1
rs
−1 (r3 + r≥4)s
(1,1)
r
(
s
2
)
11 s
12 s
1(1,1)
(
s
2
)
1(1,−1)
(
s
2
)
1(2,−1) 2
(
s
2
)
1(2,1)
1(1,1,−1) 3
(
s
3
)
1(1,1,1)
Table 2. Generic matter representations for gauge groups G = SU(N1) × · · · × SU(Nr) × U(1)s
with s ≤ 3, along with the number of distinct (canonical) representations of each type. Here, r2, r3,
and r≥4 are the number of SU(N) factors in G with N = 2, N = 3, and N ≥ 4, respectively, with
r = r2 +r3 +r≥4. Note that for some fields charged under multiple gauge factors, the fields in the first
column are canonical choices and there are other “locally equivalent” generic matter representations,
as discussed in Section 3.4; such further generic matter representations are listed in the third column.
(
,
)
representations of SU(N) × SU(M), as well as the (2, 1) vs. (2,−1) representations
of U(1)2 and the (1, 1,−1) vs. (1, 1, 1) representations of U(1)3. In the the first of these cases,
the matter fields are locally indistinguishable (since they are equivalent under conjugating
one of the gauge factors and they contribute equally to anomalies) and the branches of the
moduli space with these alternate charges have equal dimension to the generic branch listed
in Table 2. In the U(1)2 and U(1)3 cases, as discussed in Sections 3.6 and 3.7, the situation is
more subtle; different choices of signs of anomaly coefficients give rise to different combinations
of generic matter fields that lie on branches of equal dimension.
We use in Table 2 and in the rest of the paper a compressed notation for sets of repre-
sentations, in which SU(N) representations are denoted with Young diagrams, U(1) charges
– 8 –
are denoted with subscripts (except in some cases where there are no nonabelian factors), and
only nontrivial representations are listed. In this way, we refer to a set of representations of a
general given form. For example, the notation (1,−1) actually designates the set
(1,−1) =
{(
1, . . . ,1, ,1, . . . ,1
)
(0,...,0,1,0,...,0,−1,0,...,0)
}
, (3.1)
while
(
,
)
0
designates the set(
,
)
0
=
{(
1, . . . ,1, ,1, . . . ,1, ,1, . . . ,1
)
(0,...,0)
}
. (3.2)
These sets contain all representations with the nontrivial charges listed in any factor and in
any permutation. Recall that a hypermultiplet we refer to as being in representation R is in
fact in the representation R⊕R, and so a negation of all U(1) charges and conjugation of all
nonabelian reps does not result in a new representation.
3.2 Examples: generic U(1) and SU(2) matter
To illustrate the basic ideas we begin with a simple example: generic matter when the gauge
group is just an abelian U(1) group. In this case, the anomaly equations are very simple, and
read
−6a · b˜ =
∑
q>0
xqq
2 ,
3b˜ · b˜ =
∑
q>0
xqq
4 .
(3.3)
Here, b˜ := b11 is the single anomaly coefficient for the U(1) gauge factor, and xq is the number
of fields of charge q.
In this case, the generic matter charges from Table 2 are q = 1, 2. There are two inde-
pendent anomaly equations constraining the charged matter, so for any anomaly coefficients
a, b˜ there is a unique solution to the pair of equations
−6a · b˜ = x1 + 4x2 , (3.4a)
3b˜ · b˜ = x1 + 16x2 . (3.4b)
We can easily show explicitly that whenever there is a solution to these equations with non-
negative charge multiplicities x1, x2, any other solution to the anomaly equations that con-
tains higher charges will have fewer uncharged scalar degrees of freedom, indicating that the
branches of supergravity moduli space with higher, “exotic,” U(1) charges will have lower di-
mensionality. This can be seen by noting that the contribution to the anomaly equations from
a single field of charge q is equivalent to that of a linear combination of y1, y2 fields of charge
1, 2, respectively, determined by the equations
q2 = y1 + 4y2 ,
q4 = y1 + 16y2 .
(3.5)
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The solution to these equations is y1 = −q2(q2 − 4)/3, y2 = q2(q2 − 1)/12. Because the total
number of hypermultiplets is fixed by the gravitational anomaly condition (2.9a), this means
that the following combinations of fields are equivalent under anomalies:
(q) +
q2
(
q2 − 4)
3
× (1)←→ q
2
(
q2 − 1)
12
× (2) +
(
q4
4
− 5q
2
4
+ 1
)
× (0) . (3.6)
The number of uncharged scalars on the right-hand side is always positive for q > 2, so
starting with the generic matter solution with only charges q = 1, 2 and then “exchanging”
these charges for any larger charge necessarily reduces the number of uncharged scalars. Since
any solution to the anomaly equations can be found by a finite combination of such exchanges,
this proves that the dimension of the moduli space on the branch with generic U(1) matter
is larger than that of any branch with larger charges, when a solution with generic matter
exists. Furthermore, as we discuss in more detail in Section 3.5, when the anomaly coefficient
b˜ is relatively small (subject to the condition that there is a solution of the anomaly equations
with any set of charges), there is always a solution of Eq. (3.4) with non-negative multiplicities
x1, x2. Note that in this analysis, the equivalence (3.6) is simply used as a formal way of
relating different solutions to the anomaly equations. In many cases, however, we expect that
there are “matter transitions” in which these changes in spectrum can be realized physically
without changing the gauge group [21]. We discuss “anomaly equivalences” like Eq. (3.6)
further in Section 3.4.
The same kind of analysis can be carried out if the gauge group is SU(2). Again, there
are only two anomaly equations constraining the charged matter since SU(2) has no quartic
Casimir; these are
−6a · b = x + 4(x − 1) ,
3b · b = 1
2
x + 8(x − 1) ,
(3.7)
with b := bSU(2). An arbitrary rep · · ·︸ ︷︷ ︸
k
of SU(2) has AR =
(
k+2
3
)
and CR =
(
k+2
3
)3k(k+2)−4
10 .
Expressing these as a linear combination of A = 1, C = 12 and A = 4, C = 8 leads
to an anomaly equivalence
· · ·︸ ︷︷ ︸
k
+
(k + 4)(k + 2)(k + 1)k(k − 2)
30
×
←→
(
k + 3
5
)
× + (k + 4)(k + 3)(k + 1)(k − 1)(k − 2)
24
× 1 ,
(3.8)
where the number of uncharged scalars on the right-hand side is again always positive for
k > 2. So again, the dimension of the branch of moduli space with only fundamental and
adjoint representations is larger than the branches containing any other combination of matter
fields for a pure SU(2) theory. And again, as discussed in Section 3.5, when b is small,
there is always a good solution of the anomaly equations with only fundamental and adjoint
representations.
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A similar analysis holds in an SU(2)×U(1) theory, where we expect that generic matter
will only involve matter charged under the fundamental or adjoint of SU(2) that is neutral
under the U(1) ( 0, 0), matter that is neutral under SU(2) and has charge q = 1 or
2 under the U(1) factor (11, 12), and matter that lives in the fundamental representation of
SU(2) and has charge q = 1 under the U(1) ( 1). In this case, there are five independent
anomaly equations constraining the charged matter (the four considered above and one equa-
tion of the form (2.11c)), and correspondingly there are five charged generic matter fields. A
similar calculation to those above shows that an exchange that increases the number of fields
in some other representation · · ·︸ ︷︷ ︸
k
q by one decreases the number of uncharged scalars by
(k + 4)(k + 3)(k + 1)(k − 1)(k − 2)
24
+
(
q4
4
− 5q
2
4
)
+
k(k + 1)(k + 2)q2
6
, (3.9)
which is positive for k > 2, for q > 2, for k = 2 and q > 0, or for k = 1 and q > 1.
All these cases provide simple examples of situations where we can explicitly show that the
branch of moduli space with only generic matter types has greater dimension than any branch
with other “exotic” matter types, and that these generic matter types can appear when the
group theory anomaly coefficients b are not too large. In the subsequent parts of this section,
we explore the various perspectives on generic matter in more detail.
3.3 Anomaly constraints and generic matter content
Generalizing the examples just discussed, given a fixed gauge group G, and fixing the discrete
parameters T and a, bκ, bij ∈ Γ, if we consider matter charged under a number of distinct
representations equal to the number of nontrivial AC equations, then we can generally find
a unique solution for the multiplicity xR of each representation R. In this sense, any set of
anomaly-inequivalent generic matter charges realized on a maximal-dimensional moduli space
branch should have a cardinality equal to the number of nontrivial AC equations. We now
show that this is true for the canonical subsets of the generic matter charges listed in Table 2.
For SU(N), we have BR = 0 for N < 4 and ER = 0 for N < 3. Suppose that
G = SU(N1)× · · · × SU(Nr)×U(1)s (3.10)
with s ≤ 3, and let r2, r3, r≥4 be the number of SU(N) factors in G with N = 2, N = 3,
and N ≥ 4, respectively, with r = r2 + r3 + r≥4. Examining the AC equations in the order
presented (noting that Eq. (2.9b) simply relates a and T , and so does not contribute), we see
then that the number of nontrivial AC equations is
nAC(r2, r3, r≥4, s) = 1 + r+ r≥4 + r+
(
r
2
)
+
((
s
2
))
+ (r3 + r≥4)s+ r
((
s
2
))
+
((
s
4
))
, (3.11)
where ((
n
k
))
=
(
n+ k − 1
k
)
(3.12)
– 11 –
gives the number of multisets of length k on n symbols. Note that the term
((
s
4
))
coming from
Eq. (2.11d) includes
(
s
4
)
= 0, because s ≤ 3.
As desired, the counting in n(r, s) exactly matches the total number of representations in
the canonical sets of generic matter fields in Table 2, noting that((
n
k
))
=
k∑
j=1
(
k − 1
j − 1
)(
n
j
)
. (3.13)
3.4 Anomaly-equivalent exchanges and ambiguities in generic matter
As we have seen in some simple examples in Section 3.2, there are many situations in which
distinct combinations of matter representations will yield solutions to the AC equations 2.9
and (2.11) with the same anomaly coefficients on the left-hand side. For example, consider
the k = 3 case of Eq. (3.8). In a G = SU(2) theory, the fundamental representation has
(A ,C ) = (1, 1/2), the adjoint has (A ,C ) = (4, 8), and the triple-symmetric has
(A ,C ) = (10, 41). Because these factors appear in the AC equations in sums over
all hypermultiplets, we see that the exchange
+ 14× ←→ 6× + 14× 1 (3.14)
relates distinct solutions to the AC equations with the same bSU(2). The singlet representations
on the right side are necessary to balance the dimensions and satisfy the gravitational anomaly
condition (2.9a). Two solutions to the AC equations related in this way are referred to as
anomaly-equivalent. As mentioned earlier, in many cases there are paths in the supergravity
moduli space that connect anomaly-equivalent matter spectra through matter transitions [21],
though this need not always be the case.
In Table 2, we have chosen a canonical set of generic matter representations with a
cardinality that matches the number of AC equations. Thus, every spectrum that is allowed
by anomaly cancellation will be anomaly-equivalent to some spectrum containing only the
matter representations listed in this table (with the caveat that the resulting spectrum may
have negative multiplicities for some representations). In many cases, exchanges will change
the number of uncharged scalar moduli fields. As seen in Eq. (3.14), increasing the number of
triple-symmetric representations in an SU(2) theory requires reducing the number of moduli.
In this sense, the triple-symmetric representation is non-generic (or “exotic”). More generally,
from Eq. (3.8), we see that the fundamental and adjoint representations of SU(2) are generic
in the sense that any other anomaly-equivalent combination of representations will involve a
smaller number of uncharged scalar moduli. We prove that the representations in Table 2 are
generic in the sense that exchanges that result in models containing only these representations
can never decrease (but may increase) the number of uncharged scalars in Appendix A.
It is important to note, however, that as the size of the gauge group increases, the set of
matter representations that are generic in the sense of maximizing the dimension of the moduli
space branch also increases, and can exceed the number of AC equations. In particular, when
there are multiple gauge factors, there can be different anomaly-equivalent combinations of
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matter fields that have the same number of uncharged scalar moduli. In the simplest cases,
there are certain combinations of matter representations under the factors of the gauge group
that are “locally” indistinguishable in the sense that they can be related by conjugating one
of the factors in the gauge group in a way that does not affect the anomaly conditions.
For example, given a gauge group SU(N)× SU(M), the matter representations ( , ) and(
,
)
are precisely equivalent under anomalies, since AR, BR, CR are unchanged under
conjugation of the representation R. In fact, by choosing the conjugate realization of the
gauge group SU(M), we can globally replace all matter in every representation R with matter
in the representation R, so theories in which the complete spectrum is related by R↔ R are
globally equivalent. This leads to some ambiguity in the choice of generic matter for product
gauge groups. One way to interpret this ambiguity is that, as we have done in Table 2,
we can choose a canonical set of generic matter representations whose cardinality matches
the number of AC equations, and then there are other anomaly-free spectra in which these
canonical choices can be freely exchanged for other generic matter representations that are
anomaly-equivalent but not in the canonical set. Another way of framing this is simply to
observe that the number of generic matter fields is larger than the number of AC equations,
so that with sufficiently large product groups the AC equations do not uniquely determine the
generic matter content of the theory. The situation is slightly more complicated for models
with multiple U(1) factors, where for different choices of anomaly coefficients, different subsets
of the set of generic matter fields are realized, in each case having cardinality equal to the
number of AC equations; in these cases the different matter fields are similarly locally related
by conjugation but contribute differently to the anomaly conditions. This is discussed in more
detail for theories with two or three U(1) factors in Sections 3.6 and 3.7. As we discuss in
Section 3.8, with four or more U(1) factors the number of generic matter fields with the same
dimensionality of the moduli space branch increases still further.
In general, we will sometimes use the term “generic model” to describe a model living on
a maximal-dimensional moduli space branch; except for the ambiguity between fundamental–
fundamental and fundamental–antifundamental representations of SU(N) × SU(M) product
groups, and similar ambiguities discussed in Section 3.8 that arise in the presence of four or
more U(1) factors, we expect that such generic models will always have a number of anomaly-
inequivalent matter representations equal to the number of anomaly equations.
3.5 Generic matter and anomaly coefficients
One subtlety in using the dimension of moduli space branches to define generic matter is
that for different anomaly coefficients, different combinations of matter fields may be possible.
To unambiguously define the generic matter representations we are interested in, we want to
further focus on those representations that arise when the anomaly coefficients b associated
with the gauge group are relatively small. One could motivate this additional component
in the precise definition of generic matter by some general sense in which small anomalies
are more generic than large ones. A more satisfactory justification for focusing on small b
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may be the fact that, at least for nonabelian groups, the branches of moduli space for a
given gauge group, among those arising from all possible compatible anomaly coefficients, are
largest when the bs are small. While we do not attempt to prove rigorously for all the various
nonabelian gauge groups considered here that the highest-dimensional branches of moduli
space considered across all possible anomaly coefficients are always associated with small
anomaly coefficients, we do show this in some of the simplest examples and also confirm in
many cases that the matter content defined as generic in Table 2 is realized with non-negative
multiplicities at small b. It is also the case that the models with small anomaly coefficients and
generic matter can generally be easily constructed in F-theory, while the explicit construction
of models with larger anomaly coefficients is generally more difficult or impossible. In this
subsection, we address this additional condition in the context of the simplest cases considered
in Section 3.2.
To give a sense of how the small b condition affects the anomaly equations, we begin with
a somewhat qualitative discussion. For simplicity, we focus in this discussion on the abelian
anomaly equations and charges, though similar arguments hold in the nonabelian part of
the theory. The abelian anomaly equations (2.11a) that are linear in b are quadratic in the
charges associated with the representations on the RHS, while the abelian anomaly equations
that are quadratic in b are quartic in the charges. (The corresponding statement for SU(2), for
example, is that the anomaly coefficients Ak, Ck for the k-index symmetric representation scale
as the third and fifth powers of k respectively, as noted in Section 3.2). Thus, as the charges
of the matter representations increase, the ratio between the RHS of the equations quadratic
in b and those linear in b increases roughly as q2. For fixed a, then, we expect that small b
will generally be associated with anomaly solutions with non-negative multiplicities for small
charges. As b increases, the typical charges of the solutions will increase. Thus, the types of
matter that we are identifying as generic here can also be understood as those with relatively
small charges. The exotic matter representations are those with larger charges, which arise for
larger values of b. Note that for many gauge groups there are simple solutions with minimal
anomaly coefficients b in which only the representations with the very smallest charges have
nonzero multiplicities (for example, for a U(1) theory with b = 6 the spectrum contains 108
fields of charge q = 1 and no other charges); we are interested in more generic situations where
b is large enough so that the number of representations with nonzero multiplicities is large
enough to match the number of AC equations.
3.5.1 SU(2) generic matter and anomaly coefficients
To illustrate these issues, perhaps the simplest example is the case of theories with a single
SU(2) factor and no tensor multiplets (T = 0). In this case, the gravitational anomaly
coefficient is −a = 3, and the anomaly equations restricted to the generic fundamental and
adjoint matter fields are
18b = x + 4(x − 1) ,
6b2 = x + 16(x − 1) , (3.15)
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where b := bSU(2) is a non-negative integer giving the anomaly coefficient for the SU(2) factor.
It is straightforward to solve these equations, giving
x = 2b(12− b) ,
x =
(b− 1)(b− 2)
2
.
(3.16)
Thus, when b ≤ 12 there is a good solution (i.e., a solution with non-negative multiplici-
ties for these generic matter fields) of the anomaly equations restricted to these two fields.
Furthermore, the number of charged matter fields is
Hcharged = 2x + 3x =
6 + 87b− 5b2
2
. (3.17)
This number is smallest for small b; computing the dimension of the branch of moduli space,
which is given from Eq. (2.9a) by Huncharged = 276−Hcharged, for b ≤ 12 gives
Huncharged(b = 1, 2, . . . , 12) = 232, 196, 165, 139, 118, 102, 91, 85, 84, 88, 97, 111 . (3.18)
This dimension is clearly largest at small values of b. When b = 13, there is no solution with
generic matter; we naively would have x = −26 and x = 66. This is anomaly-equivalent
through Eq. (3.14) to a model with spectrum
b = 13: (x , x , x ) = (2, 54, 2) , Huncharged = 102 . (3.19)
A similar analysis up to b = 24 gives models with fields in these three representations, and
Huncharged ≤ 102. At this point, further representations such as would need to
be included for a non-negative spectrum. Thus, we see that for the gauge group SU(2)
and theories with no tensor multiplets, the largest-dimensional branches of moduli space are
associated with small values of b and are realized by the generic matter content described in
Table 2.
Continuing to consider the case of gauge group SU(2) and T = 0, it is interesting to note
that for certain values of b there are anomaly-free non-negative spectra with positive values
only for x , x ; for example, at b = 14 we have the spectrum
b = 14: (x , x , x ) = (0, 54, 4) , Huncharged = 98 . (3.20)
For this choice of anomaly coefficient, this spectrum maximizes the dimension of the branch
of moduli space. Thus, if we did not consider the range of anomaly coefficients b or make an
absolute comparison between the dimensions of branches for different values of b, it might seem
natural to define generic matter as depending on b, so that the representations ,
would be “generic” matter for b = 14. From this point of view, Eq. (3.14) could be viewed as
increasing the dimensionality of the moduli space branch by trading away all fundamentals
to end up at the maximal-dimensional branch with only representations , . We
choose to focus on the types of matter that arise at small b for several reasons: first, this gives a
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more universal definition of generic matter; second, this definition matches with the branches
of moduli space of largest dimension compared across anomaly coefficients for nonabelian
groups such as SU(2); and third, this matches most naturally with the structures we find from
F-theory, as described later in the paper.
3.5.2 U(1) generic matter and anomaly coefficients
Now let us consider the case of generic matter for models with a gauge group U(1), again
restricting to the case T = 0, where −a = 3 and b˜ := b11 is a non-negative integer. In this
case, there is an additional subtlety coming from the fact that for the smallest values of b˜ there
are no solutions at all to the anomaly equations with non-negative spectra. In particular, we
can see immediately by taking the difference of the equations (3.3) that
3b˜(b˜− 6) =
∑
q>1
xqq
2(q2 − 1) , (3.21)
so there can only be a non-negative spectrum for any set of charges when b˜ ≥ 6. Thus, when we
assert that generic matter representations should be associated with the matter fields arising
in the moduli space branch of highest dimension when the anomaly coefficients are small, we
must include the condition that the anomaly coefficients be at least big enough that there is
a possible non-negative spectrum.
With this condition, it is straightforward to compute the U(1) spectrum with charges
q = 1, 2 when b˜ is small but not less than 6. The result is
x1 = b˜(24− b˜) ,
x2 =
b˜(b˜− 6)
4
.
(3.22)
This spectrum is simply that associated with Higgsing the SU(2) models in Eq. (3.16), when
there is at least one adjoint matter field (see [5] for further related analysis). From this, it
is clear that there is an acceptable spectrum of the U(1) model with these charges whenever
b˜ is even and 6 ≤ b˜ ≤ 24 (note that, from Eq. (3.21), there cannot be any solutions to the
anomaly equations when b˜ is odd).
Note that for the U(1) gauge group, the dimension of the branches of moduli space does
not decrease with increasing b˜ in the same way that it does for SU(2) and other nonabelian
gauge groups. This is related to the fact that for U(1) there are an infinite number of possible
solutions of the anomaly equations with arbitrarily large charges [5], unlike the finite number
of matter spectra allowed for a fixed nonabelian gauge group, which follows from the fact
that the dimensions of nonabelian group representations increase so that only a finite set of
distinct representations are allowed for a theory with a given nonabelian gauge group, from
the gravitational anomaly condition (2.9a).
3.5.3 Models with T > 0
In the examples we have considered thus far, we have focused on the case with no tensor
multiplets (T = 0). The observation that the generic matter fields are realized with non-
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negative multiplicities in solutions to the anomaly equations for small values of the anomaly
coefficients b also holds more generally, though the analysis is a bit more involved.
Part of the challenge in dealing with models at larger values of T is that the constraints
on the anomaly coefficient a and the positivity cone in the string charge lattice are not as well
understood from the low-energy point of view [4]. Here, we briefly consider the analysis for
the gauge group SU(2) at T = 1 using the simplest positivity cones that are known to come
from F-theory; a further analysis for larger values of T is included in Appendix B.
When T > 0, the string charge lattice is a unimodular lattice Γ [22] and −a is a charac-
teristic vector in Γ [20] that satisfies a · a = 9 − T . The anomaly coefficients bii, bκ for each
abelian and nonabelian factor lie in a positivity cone in Γ (this provides the proper sign for
the gauge kinetic terms). For T = 1, the two simplest choices of inner products associated
with Γ and positivity cones that come from F-theory are
(x, y) · (x′, y′) = xy′ + yx′ ; x, y ≥ 0 (3.23)
and
(x, y) · (x′, y′) = xx′ − yy′ ; x, y + x ≥ 0 . (3.24)
We consider these cases in turn. (The structure of these two unimodular lattices Γ is described
in more detail in Section 4.3.1.)
In the first, “even” case (3.23), we can choose a basis where −a = (2, 2). The SU(2)
anomaly equations for a gauge factor with anomaly coefficient b = (b0, b1) are then
−6a · b = 12(b0 + b1) = x + 4(x − 1) ,
6b · b = 12b0b1 = x + 16(x − 1) .
(3.25)
Solving for generic SU(2) matter, we have
x = 16(b0 + b1)− 4b0b1 ,
x = 1 + b0b1 − b0 − b1 .
(3.26)
As shown in Figure 1, these equations have non-negative solutions whenever b0, b1 ≤ 8,
except at b0 = 0, b1 > 0 and b0 > 0, b1 = 0. However, there are no solutions at all to the
AC conditions for choices of b where bi = 0, b1−i > 1: as discussed in Appendix B, any valid
model must have
g =
b · (b+ a)
2
+ 1 ≥ 0 . (3.27)
We see that when bi = 0, g = 1 − b1−i, and so there are no valid solutions in these cases.
Alternatively, we see that for solutions in terms of generic matter, x = g, so any choice
of bi for which the generic matter solution has a negative multiplicity of adjoints has no good
solution for any set of representations. Thus, there are valid generic matter models for all
b0, b1 ≤ 8 in the positivity cone for which there are any valid solutions.
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Figure 1. Plot of the (b0, b1)-plane for an SU(2) model with T = 1, even string charge lattice, and
positivity cone b0, b1 ≥ 0. Choices of b = (b0, b1) within the positivity cone (bounded by the yellow
curves) for which the AC equations have non-negative solutions with only generic matter are shaded
in solid blue. The solid curves denote g = 0 (b0, b1 = 1) and the gravitational bound (2.9a) on generic
matter, which becomes a bound on b0, b1 using Eq. (3.26). The dashed curves are b0, b1 = 8. The
solid and dashed curves bound the hashed region where g ≥ 0 (a constraint necessary to have any
good solutions to the AC conditions), the gravitational bound is satisfied, and b0, b1 ≤ 8 (the small
b constraint). The hashed region lies entirely within the solid shaded region, showing that all such
choices of b yield non-negative solutions of the AC equations with only generic matter. As described
in Section 4.3.3, the models within the hashed region have a simple F-theory construction using a
Tate tuning, while the models in the shaded but not hashed region would require a more sophisticated
F-theory Weierstrass model, which may or may not exist.
We can use a similar approach for the “odd” case (3.24). Here, we can choose a basis
where −a = (3,−1). The SU(2) anomaly equations then become
−6a · b = 6(3b0 + b1) = x + 4(x − 1) ,
6b · b = 6(b20 − b21) = x + 16(x − 1) , (3.28)
yielding
x = 24b0 + 8b1 − 2b20 + 2b21 ,
x =
1
2
(
b20 − b21 − 3b0 − b1 + 2
)
.
(3.29)
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As above, a choice of b that yields any good solution of the AC equations will have
x = g ≥ 0 (3.30)
for the solution with generic matter.
As shown in Figure 2, the multiplicities (3.29) are positive for all choices of b with b0 ≤ 12
and b0 + b1 ≤ 8 that satisfy g ≥ 0. Thus, we see that generic matter is realized with non-
negative multiplicities for appropriate small values of b in the positivity cone on the odd lattice
as well.
5 10 15 20
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Figure 2. Plot of the (b0, b1)-plane for an SU(2) model with T = 1, odd string charge lattice, and
positivity cone b0, b1+b0 ≥ 0. Choices of b = (b0, b1) within the positivity cone (bounded by the yellow
curves) for which the AC equations have non-negative solutions with only generic matter are shaded
in solid blue. The solid curves denote g = 0 (b0 + b1 = 1, b0 − b1 = 2) and the gravitational bound
(2.9a) on generic matter, which becomes a bound on b0, b1 using Eq. (3.29). The dashed curves are
b0 = 12, b0+b1 = 8. The solid and dashed curves bound the hashed region (again indicating the models
with an F-theory Tate tuning) where g ≥ 0 (a constraint necessary to have any good solutions to the
AC conditions), the gravitational bound is satisfied, and b0 ≤ 12, b0 + b1 ≤ 8 (the small b constraint).
The hashed region lies entirely within the solid shaded region, showing that all such choices of b yield
non-negative solutions of the AC equations with only generic matter.
– 19 –
In Appendix B, we use a different approach to demonstrate these results for higher T > 0
in a way that does not rely on a choice of positivity cone.
3.6 Two abelian factors: U(1)2
When the gauge group contains multiple abelian U(1) factors, the structure of generic matter
becomes more complicated. In particular, the number of generic matter fields becomes larger
than the number of anomaly cancellation equations, and different choices of anomaly coeffi-
cients give rise to different subsets of the set of generic matter fields. In the case of two U(1)
factors, the fields
(1,±1) , (2,±1) , (1,±2) (3.31)
are all included in the set of generic matter fields. In any valid “generic” model (i.e., with a
maximal-dimensional branch of moduli space for given relatively small anomaly coefficients),
however, at most four of these six fields have nonzero multiplicities. This matches with the
number expected from the anomaly cancellation conditions. The way in which these fields
appear, however, is somewhat different than in the previously examined cases.
3.6.1 Choices of generic matter spectra for U(1)×U(1) theories
The fields in Eq. (3.31) are related in pairs by conjugating one of the U(1) factors, similar
to the story with
(
,
)
and
(
,
)
matter fields for the group SU(N)× SU(M). When
abelian U(1) factors are involved, however, even matter fields that are locally equivalent under
a conjugation of a gauge factor can be anomaly-inequivalent. For example, with a gauge
group of SU(N) × U(1), the representations 1 and −1 are locally equivalent, in that
one representation switches to the other under a conjugation of either gauge factor; however,
these representations are actually distinguished by the anomaly equation (2.11b), and hence
are not anomaly-equivalent and are separately listed as generic matter representations in the
canonical set in Table 2 that matches the number of AC equations. Similarly, for U(1)2 the
representations (1, 1) and (1,−1) are distinguished by the anomaly equations (2.11), as are
the representations (2,±1), etc.
The abelian and mixed abelian–nonabelian anomaly equations (2.11) have the feature
that they are invariant under a simultaneous change of signs
qi → −qi ,
bij → −bij , ∀j 6= i
(3.32)
for any fixed choice of i. Thus, in a theory with G = U(1)×U(1), a valid spectrum of matter
fields xp,q that solve the anomaly equations with a fixed anomaly coefficient b12 is related
to another solution with the anomaly coefficient b′12 = −b12, where the multiplicities of the
matter fields in the sign-flipped solution are
b12 → b′12 = −b12 ⇒ x′p,q = xp,−q . (3.33)
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While all six fields in Eq. (3.31) can arise as generic matter fields, for any fixed choice of
anomaly coefficients we expect from the number of AC equations that at most four of these
fields will have positive multiplicities in a valid generic model with a maximal dimension of
the moduli space branch. Indeed, this is the case. While generic U(1)×U(1) models contain
fields of both sign choices (1,±1), the solutions with the largest number of uncharged scalars
(at small b) have only one each taken from the pairs (2,±1) and (1,±2). In Table 2, we have
made a canonical choice of the fields with both signs negative, but the other three choices of
sign combinations are also possible.
One way to understand this is from anomaly equivalences. From the anomaly equations,
we can find the anomaly equivalence
(2, 1)+(2,−1)+6×(0, 1)+8×(1, 0)←→ 2×(2, 0)+4×(1, 1)+4×(1,−1)+6×(0, 0) . (3.34)
Thus, we can always exchange a pair of charges (2, 1) + (2,−1) for other generic matter
(assuming a sufficient number of fields of charges (0, 1) and (1, 0)) and increase the number
of uncharged scalars. A similar statement clearly holds for (1, 2) + (−1, 2) matter. When we
only have (2, 1) matter fields and no fields of charge (2,−1), however, we cannot make further
exchanges without decreasing the number of uncharged scalars. Thus, a model with generic
matter is expected to have only one of the types of charge (2, 1) or (2,−1), and only one of
the types of charge (1, 2) or (−1, 2).
In fact, the sign choices of the allowed matter fields are determined directly by the struc-
ture of the anomaly coefficients. As described in more detail in Appendix C, solving the eight
relevant anomaly equations for the canonical choice of generic U(1)×U(1) matter content in
Table 2 gives
x2,−1 = −b12 ·
(
a+
1
2
b11
)
,
x−1,2 = −b12 ·
(
a+
1
2
b22
)
.
(3.35)
These multiplicities are non-negative when the RHS of both equations is non-negative. This
combination of signs for the RHS of Eq. (3.35) and the subset of generic matter fields containing
(2,−1), (−1, 2) represents one consistent class of models associated with specific signs for the
anomaly coefficients. Because there is no positivity constraint on the anomaly coefficient
b12, we can consider another closely related model, as discussed above, in which the sign of
this coefficient is flipped; this corresponds to an equivalent model in which one of the U(1)
factors is conjugated, giving a model with a spectrum related to the original spectrum through
Eq. (3.33). In particular, the resulting model has generic matter fields of types (2, 1) and (1, 2).
Indeed, explicitly solving the eight relevant anomaly equations for the generic matter content
with this choice of fields gives
x2,1 = b12 ·
(
a+
1
2
b11
)
,
x1,2 = b12 ·
(
a+
1
2
b22
)
.
(3.36)
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When T = 0, we can show that in fact these two types of matter spectra are the only possible
combinations consistent with the anomaly constraints. From Eq. (3.4) (noting that these
equations will hold separately for each U(1) factor), we see that for each U(1) factor we have
xi2 =
(
1
2
bii
)
·
(
a+
1
2
bii
)
≥ 0 . (3.37)
For theories with T = 0, the anomaly coefficients a, bij are integers, and −a = 3, so Eq. (3.4a)
implies that bii ≥ 0. This implies that for each i, a + bii/2 ≥ 0. As a result, the RHS of
Eq. (3.35) always both have the same sign when T = 0, as do the RHS of Eq. (3.36).
When T > 0, however, the terms on the RHS of the two equations (3.35) can have
opposite signs. In this case, we get a mixed spectrum, with either charges (2, 1), (−1, 2) or
(1, 2), (2,−1). In these cases, the expressions for the multiplicities of the non-negative charges
of these types are given by one equation from Eq. (3.35) and one equation from Eq. (3.36), as
appropriate. We describe an explicit example of such a spectrum below.
3.6.2 Generic U(1)×U(1) matter from Higgsing nonabelian theories
One illuminating perspective on these spectra can be understood from the point of view
of Higgsing a nonabelian theory. As described in [23]2, the canonical U(1) × U(1) generic
matter types from Table 2 can be realized when a theory with nonabelian gauge group G(2) =
SU(2) × SU(2) × SU(3) and generic matter is broken by Higgsing pairs of bifundamental
( ,1, ) and (1, , ) fields to give the U(1)×U(1) model.3
In particular, we can embed the two U(1) factors into G(2) as
U(1)1 →
(
1 0
0 −1
)
1
+
(
0 0
0 0
)
2
+
1 0 00 −1 0
0 0 0

3
,
U(1)2 →
(
0 0
0 0
)
1
+
(
1 0
0 −1
)
2
+
0 0 00 1 0
0 0 −1

3
.
(3.38)
Here, the subscript on each matrix indicates which factor of G(2) it acts in. With this embed-
ding, we see that the generic matter types for G(2) descend to the canonical generic matter
types for U(1)×U(1). For example, the adjoint of SU(3) contains fields that will give charges
(2,−1) and (−1, 2), as do the bifundamental fields ( ,1, ) and (1, , ).
2In the model in [23], the sign of b12 is such that the spectrum contains (2, 1), (1, 2) charged matter, but
the embedding construction there is essentially equivalent to that used in the discussion here to realize our
choice here of canonical U(1)×U(1) matter.
3Note that in this and the following sections on U(1)s models for s = 3, s > 3, we choose to use fundamental–
fundamental SU(N)×SU(M)matter as canonical rather than fundamental–antifundamental matter to simplify
the structure of the Higgsing and embedding formulae; a different choice of signs for the embedding would
match with the fundamental–antifundamental canonical matter choice in Table 2.
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If we denote the anomaly coefficients in the nonabelian G(2) model by A = bSU(2)1 , B =
bSU(2)2 , C = bSU(3), then it is straightforward to deduce that
b11 = 2(A+ C)
b22 = 2(B + C)
b12 = −C .
(3.39)
With the canonical choice of generic matter and the above embedding, we can then interpret
the multiplicities (3.35) in terms of the original nonabelian model. In particular,
x2,−1 = C · (a+A+ C) = C ·A+ 2gC − 2 , (3.40)
and a similar relation holds for x−1,2, where gC = C ·(a+C)/2+1. This immediately matches
with the analysis above: C ·A is the number of ( ,1, ) fields (which give one (2,−1) field
each), gC is the number of adjoints (which give two (2,−1) fields each), and two bifundamental
fields need to be used for the Higgsing.
From this point of view, many consistent generic U(1)×U(1) spectra can be realized by
Higgsing a nonabelian model with gauge group G(2). The alternative spectra with (2, 1) and
(1, 2) matter can be realized similarly by using Eq. (3.32), which can be done explicitly by
simply flipping the sign of one of the U(1) factors in the embedding (3.38) and changing the
sign of b12. Not all generic U(1)×U(1) models can be unHiggsed in this fashion, however. In
some cases, there may not be enough uncharged scalar matter. Another more interesting class
of cases arises when we have the mixed matter types such as (2, 1) and (1,−2). We conclude
this section with a simple example of such a case.
Consider the case of T = 1 with the odd string lattice and positivity cone (3.24). We
choose
b11 = (6, 0) , b22 = (8,−4) , b12 = (0, 1) . (3.41)
We see that in this case, we expect the spectrum
x2,−1 = −b12 ·
(
a+
1
2
b11
)
= 1 ,
x1,2 = b12 ·
(
a+
1
2
b22
)
= 3 .
(3.42)
This cannot come from a Higgsed nonabelian model as described above, however. Choosing,
for example, C = b12 and A = b11/2 − C, we see that the nonabelian model would have
no SU(3) adjoint matter and only one ( ,1, ) bifundamental field, so there would not be
sufficient matter available for the Higgsing. Nonetheless, as we discuss further in Section 4, it
seems likely that this U(1)×U(1) spectrum can be realized in F-theory.
3.6.3 Generic U(1)×U(1) matter at small b, T = 0
We believe that for all sufficiently small choices of b that have good solutions to the AC
conditions, a subset of generic matter representations with cardinality equal to the number
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Figure 3. Plot of the (b11, b22)-plane for a U(1)×U(1) model with T = 0. Choices of b11, b22 for which
the AC equations have non-negative solutions with only generic matter (either with the (2,−1), (−1, 2)
or the (2, 1), (1, 2) pair of charge combinations) are shaded in solid blue. Integer choices of bii for
which there is such a solution with integer bij are superimposed in black. Below the dashed curve
b11 + b22 = 24, all choices of bii that yield any good solutions of the AC equations lie within the blue
shaded region, and within this region, there is a good solution with one of the two above subsets of
generic matter for all |b12| ≤ min(b11, b22)/2.
of nontrivial AC conditions is realized with non-negative multiplicities. We prove that this is
the case for T = 0 models here, and briefly discuss the more general case in Appendix C.
We have already seen in Section 3.6.1 that for any choice of bij that yields good solutions
of the AC equations, at most one of the pairs (2,−1), (−1, 2) and (2, 1), (1, 2) can have nonzero
multiplicities in a generic model on a maximal-dimensional branch of moduli space. Thus, we
only need to inspect the multiplicities for the remaining generic matter representations. The
full set of equations determining these multiplicities is given in Appendix C. For T = 0, we
find that for all bii with b11 + b22 ≤ 24 that yield good solutions of the AC equations, there
exists a good solution with generic matter for one of the two choices of (2,±1), (±1, 2) for all
|b12| ≤ min(b11, b22)/2. This result is shown in Figure 3.
3.7 Three abelian factors: U(1)3
Turning to U(1)3, in addition to the canonical fields in Table 2, matter fields of the form
(1, 1, 1) are locally equivalent to those with charges (1, 1,−1), and can also play the role of
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generic matter fields. Similarly to the case of charges (2, 1) and (2,−1), we find that there is
an exchange
(1, 1, 1) + (−1, 1, 1) + (1,−1, 1) + (1, 1,−1)
+ 4× (1, 0, 0) + 4× (0, 1, 0) + 4× (0, 0, 1)
←→
2× (1, 1, 0) + 2× (1, 0, 1) + 2× (0, 1, 1) + 2× (1,−1, 0)
+ 2× (1, 0,−1) + 2× (0, 1,−1) + 4× (0, 0, 0) ,
(3.43)
so that, assuming there are a sufficient number of fields of charges (1, 0, 0), (0, 1, 0), and
(0, 0, 1), we can always remove quartets of charges (1, 1, 1) + (−1, 1, 1) + (1,−1, 1) + (1, 1,−1)
and increase the number of uncharged scalars. Thus, we expect that models with generic
matter and a maximal number of uncharged scalars (at small b as usual) should only have
a size three subset of these four charges present. Note that the number of canonical fields
listed in the table has cardinality 3
(
s
3
)
, which matches the number of AC equations, while the
number of fields of type (1, 1, 1) is
(
s
3
)
.
For each pair of U(1) charges, we can again use the analysis of the previous section to show
that there are only one each of the pairs (2,±1, 0), (1,±2, 0), etc. Furthermore, because the
analysis for each pair of U(1) factors considered independent of the third charge is unchanged,
we can read off which elements of each of the (2,±1, 0) type pairs are realized directly from
the signs of the terms bij · (a+ bii/2), analogous to Eqs. (3.35) and (3.36), for each pair i, j.
While the structure of the minimal set of three of the four (1,±1,±1) type fields (recall
that (1,−1,−1) is the same type of matter as (−1, 1, 1)) is correlated with the structure of
the (2,±1, 0) type fields, in some cases the minimal set of (1,±1,±1) fields is not determined
uniquely by the (2,±1, 0) type fields or by the signs of the terms bij ·(a+bii/2). To say a little
more about this, it is helpful to distinguish two classes of configurations. To illustrate the first
class, let us start with a case where −bij · (a + bii/2) ≥ 0 for all six possible pairs i, j (with
bij = bji). In the spirit of the discussion above for two U(1) factors, such a U(1)3 model can
be realized by Higgsing a model with gauge group G(3) = SU(2)3 × SU(3)3, where the U(1)
factors are embedded as shown in Table 3. Roughly speaking, the SU(2) factors are associated
with the anomaly coefficient combinations bii/2 +
∑
j bij for each i, and the SU(3) factors are
associated with the −bij , i 6= j. With such an embedding, it is straightforward to see that
the SU(3) adjoint and bifundamental fields realize U(1) charges in the canonical set listed
in Table 2. Thus, when all these signs are consistently chosen in this way for the anomaly
coefficients, we should realize this canonical set of generic matter fields (for sufficiently small
b, as usual). For example, when T = 0, this corresponds to the case where all bij are negative.
For simplicity, let us continue to consider the case where T = 0, so the anomaly coefficients
are integers. We assume all bij are nonzero; when one or more of these coefficients vanish,
the configuration is degenerate and missing some generic matter fields. From the preceding
Higgsing construction, we can consider three other classes of models that are realized by
implementing the change of signs (3.32) for each of the three choices of i. This will give a
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U(1) U(1) U(1)
SU(2)
(
0 0
0 0
) (
0 0
0 0
) (
1 0
0 −1
)
SU(2)
(
0 0
0 0
) (
1 0
0 −1
) (
0 0
0 0
)
SU(2)
(
1 0
0 −1
) (
0 0
0 0
) (
0 0
0 0
)
SU(3)
0 0 00 0 0
0 0 0

1 0 00 −1 0
0 0 0

0 0 00 1 0
0 0 −1

SU(3)
1 0 00 −1 0
0 0 0

0 0 00 0 0
0 0 0

−1 0 00 0 0
0 0 1

SU(3)
−1 0 00 0 0
0 0 1

0 0 00 1 0
0 0 −1

0 0 00 0 0
0 0 0

Table 3. Embedding of U(1)3 into SU(2)3 × SU(3)3. The generator of a given U(1) factor is the sum
of the SU(N) generators in the corresponding column.
total of four possible minimal sets of generic matter fields that we expect to be associated with
moduli space branches of maximal dimension; these four sets are given by the canonical set
listed in Table 2 and the sets realized by flipping the signs of qi in all charges for each choice
of i. For T = 0, where the bij are integers, these four classes of models correspond to sets of
bij where an even number of these anomaly coefficients are positive. In analogy with a spin
model where bij gives the coupling between pairs of spins, we refer to this as a “non-frustrated”
configuration. In these cases, the type (1,±1,±1) matter choices in generic models are also
fixed by the anomaly coefficient signs. It is interesting to also consider the four “frustrated”
configurations of bij , where an odd number of the off-diagonal abelian anomaly coefficients
are positive. In these cases, again the spectrum of (2,±1) type matter is determined from
the sign of the bij (or in models with T > 0 by the signs of bij · (a + bii/2)). The spectrum
of (1,±1,±1) type fields is, however, not determined uniquely from the signs of the anomaly
coefficients in these cases. Roughly speaking, the choice of (1,±1,±1) type fields follows
whichever non-frustrated configuration is “closest” to the given frustrated configuration. For
example, with anomaly coefficients bii = 8, b12 = −2, b13 = −2, b23 = 1, we get the canonical
set of (1,±1,±1) fields, while with bii = 8, b12 = −2, b13 = −1, b23 = 2, which have the same
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signs, we get the set of generic matter fields (1, 1, 1), (1,−1,−1), (1,−1, 1) associated with
positive choices of b13, b23 (which can be related to the canonical set of generic matter fields
by flipping the sign on q3).
To conclude this section, we consider how the anomaly-equivalent representations
(
, ,1
)
and
(
, ,1
)
of SU(3)3 ⊂ G(3) behave under Higgsing to U(1) × U(1). As discussed
above, with the embedding of Table 3, the fundamental–fundamental matter field gives rise
to only the canonical choices of generic matter fields. On the other hand, the fundamental–
antifundamental field gives rise to charges including (−1,−1, 2). (Note that such a charge can
also arise from fundamental–fundamental matter fields when the signs on the embedding are
chosen differently). While this may seem to suggest that (2,−1,−1) type matter fields may
arise in generic U(1)3 models, this is not the case. Comparing the complete sets of fields that
arise from the fundamental–fundamental and fundamental–antifundamental SU(3) × SU(3)
representations, we find that the resulting sets of U(1)3 fields have an anomaly equivalence
(2,−1,−1) + (2, 0, 0) + (1, 1,−1) + (1,−1, 1) + (1,−1, 0)
+ (1, 0,−1) + (0, 1, 1) + (0, 1, 0) + (0, 0, 1)
←→
(2, 0,−1) + (2,−1, 0) + (−1, 1, 1) + (1, 1,−1) + (1, 1, 0)
+ (1, 0, 1) + 2× (0, 1,−1) + (0, 0, 0) .
(3.44)
This illustrates several things: first, it gives a simple understanding of the anomaly equivalence
from (2,−1,−1) to canonical generic matter; second, it is an example of how Higgsing matter
that is anomaly-equivalent to generic matter can give non-generic matter fields; third, it
emphasizes the point that while they are anomaly-equivalent, the representations
(
,
)
and
(
,
)
of SU(N)× SU(M) behave physically quite differently in many circumstances.
3.8 Generic matter with more than three U(1) factors
For gauge groups with more than three U(1) factors, there are still further ambiguities in
what defines generic matter. For a gauge group U(1)s with s > 3, in addition to the generic
matter charge types (0), (1), (2), (1,±1), (2,±1) and (1,±1,±1) that can arise with a gauge
group of U(1)3, among generic matter charge types we must also include fields with charges
(1,±1,±1,±1) for any subset of four of the U(1) factors. Based on the structure of U(1)3
generic matter and on counting of anomaly cancellation conditions, in any given generic U(1)s
model we might expect that for each subset of four U(1) factors only one of the possible eight
of these charge types will appear for any given set of anomaly coefficients. This turns out not
to be the case, however, as we now describe in further detail.
From the point of view of counting anomaly constraints, we see that Eq. (2.11d) gives
an additional
(
s
4
)
constraints beyond those considered in the analysis for up to three U(1)
factors, so including one new charge type for each set of four U(1) factors would give a set
of generic matter fields that matches the number of AC equations, as we might desire for the
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subset of generic matter types realized in any given generic model. We can, however, identify
anomaly equivalences that exchange any field of charge type (1,±1,±1,±1) for any other
field of another such charge type under the same set of four U(1) factors without changing
the number of uncharged scalars, assuming sufficient quantities of all other generic matter
fields. Restricting attention to the simplest case of U(1)4, we have for example the anomaly
equivalence
(1,−1, 1,−1) + (−1, 1, 1, 0) + (1, 0,−1, 1) + (1,−1, 0, 1) + (0, 1, 1,−1)
+ (1, 0, 0,−1) + (0, 1,−1, 0) + (0, 1, 0, 1) + (1, 0, 1, 0)
←→
(1,−1,−1, 1) + (1, 0, 1,−1) + (1,−1, 1, 0) + (0, 1,−1, 1) + (−1, 1, 0, 1)
+ (0, 1, 0,−1) + (1, 0,−1, 0) + (1, 0, 0, 1) + (0, 1, 1, 0) .
(3.45)
This anomaly equivalence suggests that there can be multiple anomaly-equivalent models
with different subsets of the generic matter fields; furthermore, we may expect to see “generic
models” of maximal moduli space dimension that contain more distinct matter charges than
the appropriate number of AC equations. In fact, this seems to indeed be possible, and can
be understood in relation to the anomaly equivalence of the fundamental–fundamental and
fundamental–antifundamental fields for an SU(N)× SU(M) gauge group.
To explore this further, we can take an embedding of U(1)4 into G(4) = SU(2)4× SU(3)6,
analogous to that given in Table 3 for U(1)3. The charges resulting from the Higgsing of
such a model with generic matter for the nonabelian gauge group are of the forms (0), (1),
(2), (1, 1), (1,−1), (2,−1), (1, 1,−1), (1, 1,−1,−1). (Note that other choices of embedding, or
including fundamental–antifundamental fields in the nonabelian theory can give rise to charges
type (1,±1,±1,±1) with different sign choices. Other embedding choices can also give rise
to charges of type (2,±1,±1), but these can be removed in favor of the generic matter types
using the anomaly equivalence (3.44).) While this Higgsing construction gives rise to a set
of U(1)4 models with only generic matter types, it generally will give more than one set
of (1, 1,−1,−1) type charges. While we can exchange one such charge for another through
Eq. (3.45), this does not change the number of uncharged scalar fields, so this construction
gives models with more distinct generic matter charge types than expected from the number
of AC equations, although these models should be generic in the sense of maximizing moduli
space dimension. Indeed, from the point of view of this Higgsing process, the equivalence (3.45)
can be associated with the Higgsed version of the anomaly equivalence between fundamental–
fundamental and fundamental–antifundamental SU(3) × SU(3) representations. This can be
further understood, in particular, by noting that the LHS and RHS of the anomaly equivalence
are related by simply flipping the signs on the last two charges. Thus, we see that at four
(or more) U(1) factors, just in the same way as for multiple nonabelian factors, the number
of distinct types of generic matter fields realized in any given generic model can exceed the
number of anomaly cancellation equations.
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Combining this analysis with our understanding of generic matter with three or fewer
nonzero abelian charges, we can summarize the situation for the generic matter spectrum of a
general U(1)s theory: the bi-charged matter under any pair of U(1) factors will be determined
just as in the U(1)2 and U(1)3 cases from the anomaly coefficients, with in particular the
types of (2,±1) matter being determined by the signs of the terms bij · (a + bii/2). Similar
to the analysis of U(1)3 models in the previous subsection, we can consider each U(1)3 sub-
group of U(1)k to be “frustrated” or “non-frustrated” depending on the signs of the relevant
bij anomaly coefficients, and the spectrum of (1,±1,±1) matter will be correlated to these
anomaly coefficients for each U(1)3 subgroup as discussed above. For 4-charged matter of the
types (1,±1,±1,±1), however, we may generally expect to find models with different com-
binations of matter charges even for fixed anomaly coefficients; such models will be related
by anomaly equivalences such as Eq. (3.45). While for certain combinations of anomaly co-
efficients we expect only certain types of (1,±1,±1,±1) to be possible in generic models, we
leave a systematic analysis of the constraints and possibilities for further work.
3.9 Other nonabelian factors
The analysis of other nonabelian factors is closely parallel to that of SU(N). While we have
not carried out this analysis at the same level of detail as with SU(N), we can enumerate
the types of representations we expect to find as generic for the other compact simple Lie
groups. Namely, for Sp(N) we expect to find fundamentals, adjoints, and antisymmetric
representations, as for SU(N), while for SO(N) we expect to find fundamentals, spinors,
and adjoints. The exceptional groups have no quartic Casimir, and so behave like SU(2) and
SU(3); thus, we expect only fundamentals and adjoints to appear generic for these groups. (For
the exceptional groups the relevant fundamental representations are the smallest-dimensional
nontrivial representations, i.e., the 7 of G2, 27 of E6, etc.). Note that for E8, there are
not distinct fundamental and adjoint representations, and so there appears to be a counting
mismatch with the AC conditions; however, we do not expect to find matter in 6D supergravity
theories with gauge group E8, and so this is not an issue.
We expect for each of these nonabelian gauge factors that the representations listed play
the same role as the analogous representations for SU(N), with in particular matter charged
under multiple fields including a given nonabelian factor involving the fundamental in the
same way as for SU(N). Thus, for example, for G2×SU(2), generic matter includes bi-
charged matter in the (7,2) representation (which is self-conjugate, and so can appear in
half-hypermultiplets).
4 Generic matter in F-theory and the string swampland
From the point of view of F-theory, the generic matter representations described in Section 3.1
arise naturally through the simplest Weierstrass model constructions of both nonabelian and
abelian gauge groups. Other “exotic” matter representations require more complicated con-
structions that involve more singular geometries and tuning additional moduli. The framework
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of F-theory also provides explicit constructions of “matter transitions,” which exchange one
kind of matter fields for another anomaly-equivalent set of matter fields without changing
the gauge group. We summarize here how the models constructed in F-theory fit into the
framework of generic matter defined earlier. In Section 4.1, we describe F-theory models
with SU(N) gauge factors only; F-theory models with other nonabelian gauge factors besides
SU(N) can be constructed in a similar fashion to the simplest SU(N) models (using Tate
tunings), and similarly give rise to generic matter fields. In Section 4.2, we describe F-theory
models with one or more U(1) factors.
F-theory gives rise to most 6D supergravity theories that can be realized in any version
of string theory.4 In Section 4.3, we describe how generic matter provides a helpful paradigm
with which to explore the “swampland” of 6D models that appear acceptable from anomaly
cancellation and other known quantum consistency conditions, but which are not realized in
F-theory.
4.1 Tate and Weierstrass models for SU(N) gauge groups
We review briefly the basic elements of F-theory that are involved in constructing a 6D theory
with a gauge group SU(N). For a more extensive background on F-theory see the original
papers [26–28] or the reviews [29, 30].
An F-theory model of a 6D supergravity theory is described by an elliptically fibered
Calabi–Yau threefold encoded in a Weierstrass model
y2 = x3 + fx+ g , (4.1)
where f, g are functions (or more properly sections of certain line bundles) on a complex surface
base B. The geometry of the Calabi–Yau threefold encodes the physics of the corresponding
6D theory; the number of tensor multiplets is given by T = h1,1(B)− 1, the 6D string charge
lattice is given by Γ = H1,1(B,Z), and the anomaly coefficient a is the element in Γ associated
with the canonical class KB of the base. The gauge group and matter fields are encoded in
singularities of the elliptic fibration.
The F-theory model gives an SU(N) gauge group over a divisor (complex codimension
one locus) σ = 0 when the discriminant
∆ = 4f3 + 27g2 (4.2)
vanishes to order N over σ, while either f or g does not vanish over σ. In general, this
condition requires a precise cancellation of the terms in the discriminant at each order in σ.
The simplest way that these cancellations can be imposed is through a “Tate form” model
[31, 32]
y2 + a1xyz + a3yz
3 = x3 + a2x
2z2 + a4xz
4 + a6z
6 . (4.3)
4Some exceptions include models that can be realized in the “frozen” phase of F-theory [6], or which include
exotic matter that cannot be realized in conventional F-theory [24, 25].
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When Eq. (4.3) is converted into Weierstrass form by completing the square and clearing the
quadratic term in x (and setting z = 1), an SU(N) singularity is realized over the divisor σ = 0
when the an coefficients vanish to the orders [a1, a2, a3, a4, a6] = [0, 1, bN/2c, b(N + 1)/2c, N ].
This simple Tate form (4.3) for SU(N) gives rise to a 6D theory where the SU(N) anomaly
coefficient is the class in Γ = H1,1(B,Z) associated with the divisor σ (b = [σ]), and SU(N)
matter fields transform under the fundamental, adjoint, and two-index antisymmetric matter
representations—precisely the generic matter types listed in Table 2. This can be seen geomet-
rically in the F-theory picture from the fact that adjoint representations arise from the genus
of a smooth divisor, and the fundamental and two-index antisymmetric matter representations
arise from simple codimension-two singularities associated with points on σ where ∆ vanishes
to orders higher than N through a simple singularity enhancement described using the Ko-
daira classification as AN−1 → AN , AN−1 → DN , respectively. The Tate form construction
of Sp(N) and SO(N) gauge groups proceeds in a similar fashion, and for exceptional groups
the Tate construction is even simpler, involving only conditions on the orders of vanishing of
f and g.
Any other kind of matter representation for SU(N) (or any other nonabelian gauge factor)
in F-theory requires some additional more special tuning of the Weierstrass coefficients f, g.
There is only one case in which it is known that this can be achieved through a Tate-type
tuning: it was shown in [33] that a special Tate tuning of SU(6) can be realized when the an
coefficients vanish to orders [0, 2, 2, 4, 6] (instead of the usual Tate SU(6) tuning [0, 1, 3, 3, 6]).
In this case, at the locus a1 = ∆ = 0 there arise higher singularities associated with the three-
index 20 representation of SU(6). Since a4 generally has at least as many degrees of freedom
at order σ3 as a3 does at order σ2, and a2 generally also has degrees of freedom at order σ, it
turns out that this exotic Tate tuning always reduces the number of degrees of freedom in the
model, in accord with the principle that exotic matter always reduces the number of degrees
of freedom (uncharged matter hypermultiplets) in the theory.
A systematic approach to tuning SU(N) Weierstrass models by arranging an order-by-
order cancellation in the terms of the expansion of ∆ in terms of expansions of f, g as power
series in σ was carried out in [34]. In that paper, the assumption was made that σ is a smooth
divisor, and that the ring of functions on σ is a Unique Factorization Domain (UFD). From
this point of view, the three-index antisymmetric tensor representations of not only SU(6) but
also SU(7) and SU(8) can be realized explicitly as tuned Weierstrass models. In each case, it
can be seen explicitly that more degrees of freedom must be tuned away (associated with a
decrease in the number of uncharged hypermultiplets) to realize the three-index antisymmetric
tensor representations.
A further study of exotic matter was carried out in [35]. In that paper it was shown ex-
plicitly how the two-index symmetric representation of SU(N) and the three-index symmetric
representation of SU(2) can be realized through a non-UFD tuning of SU(N) on a singular
divisor σ. Again, in these situations, tuning the curve σ so that it is singular and the spec-
trum includes exotic matter representations removes degrees of freedom encoded in uncharged
hypermultiplets. In that paper, it is also argued that these are the only exotic representations
– 31 –
of SU(N) that can be realized in conventional F-theory. Furthermore, for other gauge factors
including in particular the exceptional gauge algebras, the same argument shows that no other
non-generic matter parameterization should be possible in conventional F-theory other than
for SU(N) and closely related Sp(N) cases.
Note that, as discussed in [35], although exotic matter representations can generally only
be achieved by fine-tuning from a model with only generic matter, there are cases in which
models with generic matter are ruled out by anomaly cancellation considerations that would
imply that some matter representations have negative multiplicity, as mentioned in Section 3.4.
In such situations, there can be F-theory models that realize a given gauge group on a divisor
σ of a certain class with exotic matter, where no generic matter model is possible. In general,
this occurs precisely where the anomaly coefficient b becomes too large for generic matter to
be possible with non-negative multiplicities.
As an example of how F-theory realizes generic SU(N) matter through Tate tunings
at small b, we consider the simplest case of the base P2, corresponding to T = 0. In this
case, homology classes in H1,1(P2) are given by integer multiples of the generating class H,
so anomaly coefficients are simply denoted by integers. The anomaly coefficient −a = 3
corresponds to the anticanonical class −K = 3H. A Tate tuning of SU(2) is possible up
to b = 12, giving the generic matter SU(2) models listed in Eq. (3.18). For b > 12, any
F-theory model must be described by a more general class of Weierstrass model that does not
take the Tate form; in particular, as described in [35], the divisor σ must have a triple-point
singularity for each (half-hyper) matter multiplet in the representation. While there is
no completely systematic construction of such models, some F-theory models of this type with
b > 12 are explicitly constructed in [36]; for example (see Table 3.22 in that paper) there is a
model with b = 13 that has 6 triple-symmetric matter fields, associated with 12 triple-point
singularities in the locus σ = 0. The F-theory construction of such exotic matter models is
discussed further in Section 4.3.
For SU(N1) × · · · × SU(Nr) theories, standard F-theory constructions using the Tate
construction for each factor yield the generic representations of the form 1, , Adj, ,(
,
)
, and
(
,
)
. Some more exotic representations, such as
(
,
)
, can also be
constructed with a reduction in the number of uncharged scalars, though the Weierstrass
models for such exotic multiply-charged have not been systematically described.
It is interesting to consider how the anomaly-equivalent generic matter representations(
,
)
and
(
,
)
arise in simple F-theory models. While determining which of these
representations arises at a given singularity involves somewhat subtle global aspects of a
given Weierstrass model [34], it is straightforward to see that many general Tate models for
SU(N)×SU(M) will include both types of representations, using a simple Higgsing argument.
Consider, for simplicity, models with no tensor multiplets, corresponding to F-theory on P2.
We can perform a Tate tuning of SU(N) on a smooth curve of degree d, which has self-
intersection n = d2 and genus g = (d− 1)(d− 2)/2. The resulting SU(N) model has generic
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matter content
g ×Adj + [16(1− g) + (8−N)n]× + (n+ 2− 2g)× . (4.4)
We can break SU(N) → SU(N − k) × SU(k) by Higgsing on a pair of antisymmetric matter
fields. The resulting model has the spectrum we expect from a Tate tuning of the product
gauge group on a pair of distinct divisors of degree d. Under this Higgsing process, the decom-
position of the representations of SU(N) includes bifundamental representations
(
,
)
,
while the decomposition of the adjoints of SU(N) includes (2×) fundamental–antifundamental
matter representations
(
,
)
. Thus, the resulting SU(N − k) × SU(k) model contains,
among other fields, the matter representations
2g ×
(
,
)
+ (d2 − 2g)( , ) . (4.5)
As expected from anomaly cancellation, the total number of fields in these two representations
sums to d2, which is the number of points where the two degree d curves intersect; however,
the spectrum includes d2 − 3d + 2 fundamental–antifundamental matter fields and 3d − 2
bifundamental fields. This is a simple example of how F-theory generically gives rise to a
mixture of the different anomaly-equivalent generic matter representations in cases where
there are more generic matter fields than anomaly cancellation equations.
4.2 U(1) matter in F-theory
F-theory constructions of 6D models with abelian gauge groups are not well understood beyond
the simplest models with a single U(1) factor and the generic q = 1, 2 matter representations.
We summarize briefly here the situation of what is known. The generic matter analysis for
U(1)2, U(1)3, and U(1)s, s > 3 models carried out above gives new insights into the structure
of F-theory constructions in these cases.
4.2.1 One U(1) factor
A general construction of an F-theory model over a given base B with a single U(1) factor
was given by Morrison and Park in [37]. In the Morrison–Park model, the only matter fields
that arise are the generic charges q = 1, 2. Thus, again, in this case the simplest F-theory
construction gives a model with only generic charges.
There are only a limited set of explicit Weierstrass model constructions known that give
rise to U(1) theories with charges q > 2. A specific set of models with q = 3 was first identified
in [38]. This set was generalized to a more general class of models with q = 3 charges and
related to non-UFD singularities in [39]; in this paper, Raghuram also identified a limited
class of models with charge q = 4. At this time, there are no explicit Weierstrass model
constructions known for any U(1) charges q > 4, although general arguments from Higgsing
known nonabelian models suggest that there should be F-theory models with U(1) charges
q = 5, 6 that arise from Higgsing simple Tate SU(N) models over the base B = P2 [5] and
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F-theory models with U(1) charges up to q = 21 at least that arise from Higgsing more exotic
nonabelian models on other bases [40]. A recent paper [41] gives an alternative construction
of F-theory models with charge q = 4 matter through a weak coupling limit of type IIB string
theory, and identifies IIB models that should correspond to charge q = 5, 6 matter.
4.2.2 Two U(1) factors
For models with two U(1) factors (G = U(1) × U(1)), a rather general construction was put
forth in [23], following some more specific constructions with more constrained matter content
[42–45]. The matter content of the general U(1)2 construction matches well with the generic
U(1) × U(1) matter content described above, and can be understood as coming from the
Higgsing of a nonabelian model with gauge group G(2) = SU(2) × SU(2) × SU(3). Here, the
U(1) factors are associated with divisors AC,BC, where the nonabelian factors are supported
on A,B,C; this leads to a natural embedding of the U(1) factors in the Cartan subalgebra of
the nonabelian group as in Eq. (3.38). The explicit analysis of the U(1) × U(1) Weierstrass
model in [23] was shown to give the generic matter spectrum described in Section 3.6 with
charges (2, 1) and (1, 2). This setup should also allow for the construction of models with
generic matter charges (2,−1) and (1,−2), with different choices of divisors associated with
the anomaly coefficients bij , though that is not addressed directly in the paper; we leave an
investigation of the details of this analysis for further work. One interesting feature of the
construction in [23] is that the most general model there automatically includes non-generic
charge (2, 2) matter. A slightly more restricted version of the model gives only the generic
matter charges in Table 2.
4.2.3 Three or more U(1) factors
At this point there is very little understanding of explicit F-theory Weierstrass models for
theories with more than two U(1) factors. In [46], a model was given with three U(1) factors,
but it provides only a very limited class of spectra and does not contain all expected generic
matter fields or generic models. In [47], explicit Weierstrass models were given for K3 surfaces
of Mordell–Weil rank up to 4, but the matter spectra of F-theory compactifications on these
surfaces was not explored. There are also some explicit 6D models known with Mordell–
Weil rank up to 8 and no matter charged under the U(1) factors (i.e., non-Higgsable U(1)
factors) [48, 49]. These models are rather special. We can, however, from the analysis of
generic matter, gain some insight into the structure one might expect for a general F-theory
construction of generic U(1)s models.
Following the structure of the general U(1)2 F-theory model, it was conjectured in [23]
that a general class of U(1)s models could be constructed from the Higgsing of a model with
gauge group
G = SU(2)s × SU(3)(s2) × SU(4)(s3) × · · · × SU(s)s × SU(s+ 1) , (4.6)
in which each U(1) has a component in one of the SU(2) factors, each pair of U(1)s has a
common component in one of the SU(3) factors, and so on. From the analysis of generic
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matter in U(1)s models above, however, and the structure of the anomaly equations, it seems
that a broad class of generic matter models can be realized from Higgsing nonabelian models
with the simpler gauge group
G(s) = SU(2)
s × SU(3)(s2) . (4.7)
Here, there is an SU(2) factor associated with each U(1) factor, and an SU(3) factor associated
with each pair of U(1) factors. We can always construct an embedding of U(1)s into this gauge
group analogous to the embedding of U(1)3 into G(3) = SU(2)3 × SU(3)3 given in Table 3.
Higgsing a G(s) model with generic matter to U(1)s using such an embedding gives a spectrum
with charges of the generic matter types described in the previous section.
While it is straightforward to construct an F-theory model with generic matter and gauge
group G(s) with any desired (relatively small) anomaly coefficients using the Tate construction,
unfortunately it is not clear given such a Weierstrass model how to perform a Higgsing. The
existence of the nonabelian model guarantees that there should be a Weierstrass model for the
resulting Higgsed U(1)s model, which with an appropriate embedding will have generic matter
fields as described in Sections 3.7 and 3.8. Unfortunately we do not know how to compute this
model explicitly. One approach would be to simultaneously tune Morrison–Park type U(1)
factors on the relevant combinations of SU(2) and SU(3) divisors, but it is not clear even in
the case of U(1)2 how to derive the general model of [23] from this point of view. Indeed,
understanding high-rank abelian gauge groups associated with large rank Mordell–Weil groups
in the F-theory geometry is an open problem that deserves further attention; hopefully the
structure of generic matter analyzed here may help provide some insights into these problems.
4.3 Generic matter, string universality, and the swampland
The concept of “generic” matter representations in 6D supergravity theories is a useful tool
in analyzing the relationship between low-energy constraints on supergravity theories and UV
complete models that come from F-theory or other string compactifications. It was conjectured
in [50] that “string universality” may hold for 6D N = (1, 0) supergravity theories, meaning
that every massless 6D spectrum of tensor fields, gauge fields, and matter representations that
can be consistently coupled to quantum gravity is realized in string theory. Currently, there
is still a significant gap in understanding whether this is true; in particular, even for theories
with no tensor multiplets there is an infinite family of U(1) charge spectra that are consistent
with anomalies and other known low-energy consistency conditions but are not realized in F-
theory [5]. The set of theories that satisfy known quantum consistency conditions but that are
not realized by known string theory constructions has been dubbed the “swampland” [51, 52].5
At least for theories with generic matter types, it seems that some simple assumptions about
the structure of the low-energy theory suffice to limit the swampland almost completely. This
5Note that different authors use the term swampland differently. We refer to the swampland as containing
any model that does not violate known quantum consistency conditions but does not have a known explicit
string construction. Thus, the swampland by this definition is time-dependent and can shrink as new con-
straints and new string constructions are identified.
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essentially focuses general questions about string universality and the swampland to more
specific questions about exotic matter and some subtle issues related to the positivity cone
of the low-energy theory. We summarize here briefly the general setup and explain how the
swampland is substantially reduced for theories with generic matter.
4.3.1 Structure of 6D supergravity theories
Elaborating further on the basic framework described in Section 2, a 6D N = (1, 0) super-
gravity theory is described by some basic data for the low-energy theory. Any such theory has
one gravity (super)multiplet, T tensor multiplets, a gauge group G associated with dim(G)
gauge multiplets, and H matter hypermultiplets that transform under various representations
of the group G. In addition to this structure, there is a signature-(1, T ) integer lattice Γ, often
referred to as the “anomaly lattice,” which must be unimodular [22]. There is a gravitational
anomaly coefficient a ∈ Γ, which satisfies a · a = 9 − T by the gravitational anomaly condi-
tion. For each nonabelian factor of the gauge group there is an anomaly coefficient bκ ∈ Γ,
and for each pair of abelian factors there is an anomaly coefficient bij ∈ Γ. These anomaly
coefficients satisfy the anomaly constraints 2.9 and (2.11), which lead to various further inte-
grality constraints [50, 20], including the condition that for a theory with U(1) gauge factors
the anomaly coefficients bii are even, in the sense that bii ∈ 2Γ. Finally, there is a positivity
cone in the anomaly lattice, corresponding to the Kähler moduli space of the theory. All of
these quantities have a direct interpretation in the geometry of F-theory: the lattice Γ is the
homology lattice of the base surface B, the positivity cone is the cone of effective divisors,
a corresponds to the canonical class, b corresponds to the divisor class of the seven-branes
supporting a given gauge factor, etc.
For each value of T , then, we can classify theories beginning with a choice of a and lattice
Γ with positivity cone. It was shown in [20] (based on some minimal assumptions) that a is a
characteristic vector for Γ, meaning that a ·x+x ·x ∈ 2Γ for any x ∈ Γ. For small values of T ,
there are only a few possible choices of lattice and a, and the characteristic vector condition
suffices to limit the possibilities to those that can arise from F-theory. In particular, for T = 0
the lattice Γ is uniquely defined as Γ = (1), and −a = 3 is the unique choice for a (with the
sign fixed by the condition that −a lies in the positivity cone, which by convention we take
to be the set of positive values in Γ). For T = 1, there are two possible unimodular lattices:
the odd lattice with inner product
Ω1 =
(
1 0
0 −1
)
(4.8)
and the even lattice with inner product
Ω0 = U =
(
0 1
1 0
)
. (4.9)
We denote the corresponding string charge lattices by Γ1,Γ0. For Γ1, the only possible choice
for a so that a · a = 9 − T = 8 is −a = −a1 = (3,−1), up to symmetries. For Γ0, there
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are two possibilities: −a = −a0 = (2, 2) and −a = −a′0 = (4, 1). The second choice is,
however, not a characteristic vector, so is not allowed in a consistent low-energy theory. For
T = 0, 1, these allowed combinations of the anomaly lattice and a are precisely those allowed
by F-theory. In fact, if we assume that the anomaly lattice for any higher value of T has the
inner product diag(+1,−1,−1, . . . ,−1), then it seems that the characteristic vector condition
uniquely determines the value −a = (3,−1,−1, . . . ,−1).6
4.3.2 Positivity cone and anomaly lattice related swampland issues
There are several aspects of the anomaly lattice Γ and the positivity cone that are not fully
understood from the low-energy point of view. In particular, it is not clear how the low-energy
theory constrains the positivity cone, and while in F-theory any vector in the positivity cone
that has an inner product with itself x · x < −2 must support a gauge group SU(3) or larger
[7], this has not been proven purely from consistency considerations arising from coupling
the low-energy theory to quantum gravity. These issues lead to various families of swampland
theories that cannot be realized in F-theory but do not violate any proven quantum consistency
conditions on the low-energy theory. It seems likely that these parts of the swampland can be
removed by considering consistency conditions on the world-volume of strings that couple to
the tensor fields [50] (see, e.g., [53–57] for some recent progress in understanding these string
world-volume theories). There are thus various important open swampland questions related
to the anomaly lattice and positivity cone. Here, however, we assume that the lattice and
positivity cone are of a form compatible with F-theory, and consider various gauge groups and
matter content in that context.
4.3.3 The swampland for generic matter
Restricting attention to anomaly lattices Γ and positivity cones compatible with F-theory,
and focusing only on theories with the matter fields we have identified as generic, the only
questions about theories in the swampland arise from three issues:
(a) large anomaly coefficients b,
(b) ambiguities between fundamental–fundamental/fundamental–antifundamental matter for
products of nonabelian factors and the related ambiguity associated with the anomaly
equivalence (3.45) for theories with more than three U(1) factors,
(c) a lack of explicit Weierstrass models for generic models with multiple abelian factors.
In essentially all of these cases, the appearance of swampland models is associated with our
incomplete understanding of how to construct Weierstrass models describing elliptic Calabi–
Yau threefolds with sufficiently complicated structure. We now briefly review how the known
classes of F-theory constructions described in Sections 4.1 and 4.2 match with the set of allowed
6Thanks to Noam Elkies for helpful discussions on this point.
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low-energy theories with generic matter, and where the limitations of these constructions lead
us to the swampland.
Recall that for generic matter for any combination of nonabelian and abelian gauge fields,
we have found that the anomaly constraints uniquely identify the set of allowed matter repre-
sentations given the gauge fields and associated anomaly vectors bκ, bij , up to the ambiguities
in Item (b) above. Thus, we can define an apparently consistent low-energy theory by choosing
a set of gauge group factors Gκ,U(1)i and associated values of bκ, bij that are sufficiently small
that the anomaly equations are satisfied by a subset of the set of generic matter fields. In cases
with multiple nonabelian factors, or more than three abelian factors, there may be a family
of theories associated with choosing different multiplicities of the anomaly-equivalent sets of
generic matter fields associated with Item (b) above. The swampland question in this context
is: for which models in this class does there exist an explicit F-theory construction through
a Weierstrass model, or more indirectly an F-theory construction of a model with a larger
gauge group that can be Higgsed to the desired model. (There are currently no non-F-theory
constructions of models in this class that cannot also be realized by conventional F-theory.)
Many of the theories in this general class can be directly constructed using the Tate form
(4.3), as long as the anomaly coefficients are not too large. While there is no direct known
Weierstrass construction for generic models with more than two U(1) factors, for small values
of the anomaly coefficients as described in Sections 3.7 and 3.8 we can realize models with
more U(1) factors by Higgsing a Tate model with the appropriate number of SU(2) and SU(3)
factors. These approaches essentially lead to F-theory models for any low-energy theory that
does not suffer from issues (a) and (b), though for multiple U(1) factors the details of the
Higgsing construction and associated embeddings have not been worked out in detail for all
generic matter combinations. To illustrate the relevant issues more explicitly, we focus first
on models with a single gauge factor, where only issue (a) is relevant.
As the simplest example, as discussed in [5], when the gauge group is SU(2) and T = 0,
there are anomaly-consistent theories for each value 1 ≤ b ≤ 12, and all of these theories can
be directly constructed as Weierstrass models using the Tate form, so there is no associated
swampland for models with only generic matter (except for one subtlety regarding the case
b = 12, which we return to below). The situation is less clear at larger values of T . A Tate
SU(2) construction is possible when b ≤ −4a, meaning that −4a− b is in the positivity cone.
The condition for generic matter, however, is that b · b ≤ −4a · b, which is a weaker condition.
Thus, there are some cases that admit generic matter solutions to the anomaly equations, for
which a Tate construction is not possible.
As an example, consider the case of the even lattice (4.9), with positivity cone as defined
in Eq. (3.23); this corresponds to the class of F-theory models compactified on the Hirzebruch
surface F0 = P1×P1. In this case, −a = (2, 2). The anomaly coefficient b = (2, 9) (which lies in
the shaded but not the hatched region in Figure 1) is too large for a Tate SU(2) construction,
but is compatible with a spectrum x = 104, x = 8 (with 15 uncharged scalars needed to
saturate the gravitational anomaly bound). This model is thus currently in the swampland
since it satisfies the known quantum consistency conditions (see Figure 1) but does not at this
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time have a known F-theory construction.
While there is no Tate form Weierstrass model for this SU(2) theory on F0, it is possible
that the more general class of non-UFD constructions analyzed in [35] can realize this model.
Specifically, this could occur if the genus 8 curve describing the divisor σ in the class b
where the SU(2) (A1) singularity is localized is taken to be singular, so that some of the
eight adjoints become localized; in this case the non-UFD ring of functions on σ can lead to
nontrivial cancellations giving an SU(2) Weierstrass model that is not in Tate form. We leave
a more explicit analysis of this and related situations for future work. Note that the model
with anomaly coefficient b = (1, 9) is not consistent as it violates the gravitational anomaly
bound; since the corresponding curve would be rational (genus 0), the non-UFD construction
possibility is not an option in this case.
For theories with a single SU(N) factor more generally, similar issues can arise giving
possible swampland models when the combination bN is too large for a Tate realization.
In general, a Tate realization of a theory with gauge group SU(N) will be possible when
bN ≤ −8a. When this condition is violated (but the Kodaira bound bN ≤ −12a is still
satisfied), there may be Weierstrass constructions even when there is no Tate construction, as
in the above SU(2) example, but there is no general methodology known or general condition
for when such a Weierstrass model will exist. Another, slightly more subtle issue can arise
when tuning maximal even or odd rank SU(N) factors through Tate [58, 34, 59]. The simplest
example of this is found when trying to construct an SU(23) or SU(24) group on a divisor
b = 1 in P2. In this case, the Tate tuning of SU(23) automatically forces a gauge group
SU(24). So, the T = 0, b = 1 model with gauge group SU(23) is in the swampland; it is not
clear if there is a non-Tate F-theory realization of such a model, but it seems unlikely since
unlike in the SU(2) case mentioned above the genus of the b = 1 curve is zero, so there is no
opportunity for non-UFD structure. Similar issues arise when tuning, for example, an SU(15)
on F1 or F2.
An even more subtle issue is relevant in the SU(24) case. In this case, the Tate tuning
gives a model with gauge group SU(24)/Z2. This model has only matter in the two-index
antisymmetric tensor representation, which is invariant under the Z2 center. In fact, this
seems to be a general pattern: in any model with no massless matter transforming under a
central component of the gauge group, the resulting F-theory model has a gauge group that is
quotiented by that central component. Since every known F-theory model that we are aware
of satisfies this condition, it is natural to make the hypothesis that this is universally true for
all F-theory constructions.
For example, with T = 0, b = 12 the SU(2) model described earlier has only 54 adjoint
fields and no fundamentals, and the gauge group is actually SO(3) = SU(2)/Z2 [60, 5]. This
is reminiscent of the completeness hypothesis [61, 62] stating that any theory coupled to
quantum gravity must contain matter transforming in all nontrivial charges under the gauge
group, but this condition applies only to massless fields and is therefore much stronger. It
would be interesting to understand whether this condition is truly a universal constraint; for
now, the models like those with a gauge group SU(24) and only two-index antisymmetric
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matter lie in the swampland.
Turning to models with a only single U(1) factor, again, generic matter content of charges
q = 1, 2 is produced in many cases by the Morrison–Park model [37]. As discussed in [5], in
the simplest cases where T = 0, with the allowed values of a and positivity cones compatible
with F-theory geometry, the U(1) anomaly constraints precisely match those for the existence
of a Morrison–Park model, and there is no swampland (with the exception of the model with
only charge 2 matter that arises from Higgsing the SU(2), b = 12 model mentioned above,
which violates the general condition discussed there). For larger values of T , the anomaly
constraints are weaker but, as in the SU(2) case discussed above, have a seemingly parallel
form to the constraints for a Morrison–Park model that would be interesting to understand
better. An example of a swampland model here would be the Higgsing of the b = (2, 9), T = 1
SU(2) model mentioned above; presumably this model can be realized in F-theory if and only
if the corresponding SU(2) model can also be realized.
Now considering theories with a gauge group containing multiple nonabelian factors, for
a gauge group G =
∏
κ SU(Nκ) in general a Tate realization will be possible if
∑
κ bκNκ ≤
−8a, and again there will be cases where this condition is violated but the Kodaira bound∑
κ bκNκ ≤ −12a is still satisfied where there may be exotic non-UFD or other F-theory con-
structions. A further issue that arises here is that the Tate construction will give some specific
combination of fundamental–fundamental and fundamental–antifundamental matter for each
product of nonabelian factors; there will be other anomaly-equivalent models with different
multiplicities after exchanging these equivalent representations, and we do not currently have
a general approach to analyzing or constructing the sets of models with arbitrary distributions
of these anomaly-inequivalent representations. This contributes to parts of the swampland
related to issue (b) above.
Finally, the F-theory construction of models with more than two U(1) factors is still
not well understood (issue (c) above). For two U(1) factors, the general construction in [23]
gives a general class of models with generic matter types. Presumably, like the Morrison–
Park model discussed above, there will be cases at T > 0 where no Tate tuning is possible
but we expect a valid spectrum, which will contribute to the swampland of U(1)2 models.
As discussed in Section 4.2.2, the original analysis of these models made specific positivity
choices for the anomaly coefficients, and a complete story would involve generalizing this
analysis to all sign choices, though it seems likely this will lead to a consistent construction of
all the different classes of (2,±1) matter spectra. For more than two U(1) factors, there is no
general explicit model known, so the most general approach available is to implicitly construct
U(1)3 and higher rank U(1)s models by Higgsing generic nonabelian G(s) = SU(2)s×SU(3)(
s
2)
models. This will give a broad class of generic U(1)s models, but as for the lower rank models
discussed more explicitly, there will likely be similar further components of the swampland.
The swampland for U(1)4 and higher models will also contain components from different
distributions through the anomaly equivalence (3.45), associated with issue (b) above.
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4.3.4 Exotic matter and the 6D swampland
The concept of generic matter is thus helpful in organizing analysis of questions related to
string universality and the swampland for 6D supergravity theories. Going beyond generic
matter, the question of which exotic matter types are allowed in F-theory involves much more
complex questions of algebraic geometry. For exotic matter charged under nonabelian gauge
groups, a systematic analysis of three-index antisymmetric (“genus 0” [15]) SU(N) matter was
carried out in [34, 21], and a general methodology for understanding “higher genus” matter
representations in terms of singularities over divisors that themselves are singular was devel-
oped in [35]. While in many cases there are F-theory models with exotic singularity structures
that match with anomaly-free low-energy theories with certain exotic matter content, in other
cases it is not known whether F-theory models exist, and in still other cases it is known that
F-theory models cannot exist and there are apparently consistent models in the swampland.
It may be that some exotic matter is consistent and can be realized in string theory but not
conventional F-theory; incorporating such exotic matter such as E7 × SU(2) bifundamental
matter into F-theory may involve the “T-brane” world-volume fields on 7-branes [25], and other
exotic matter may appear in the “frozen phase” of F-theory [6]. For abelian exotic matter,
the story is even less clear. As discussed earlier, explicit models for F-theory constructions
with abelian charges q = 3, 4 were constructed in [38, 39, 41], and Higgsing nonabelian con-
structions can give certain F-theory models with charges up to q = 21, but there still exists
an infinite swampland of higher-charge U(1) models that have no F-theory realizations, even
though there is no clear understanding of what the finite maximum U(1) charge allowed in
F-theory constructions can be.
4.3.5 Swampland summary
Summarizing our discussion of the swampland and string universality, there are open questions
at the level of the positivity cone, some detailed questions about which generic matter models
can be realized for large gauge groups and at larger values of b, T , and questions about which
exotic nonabelian and abelian matter representations can be realized in F-theory. The analysis
of generic matter that we have carried out here provides a useful framework in which to
organize further research in these directions.
5 Generic matter with global gauge group structure and 4D physics
5.1 Generic matter and the global structure of the gauge group
In our discussions of generic matter for SU(N) and U(1) gauge groups, we have primarily
assumed that there are no subtleties in the global structure of the gauge group. In particular,
we have assumed that the semisimple part of the gauge algebra is associated with a simply
connected gauge group and that the gauge group is connected. One can consider more com-
plicated cases where the nonabelian part of the gauge group is not simply connected, or where
the gauge group has discrete structure and is not connected. The global structure of the gauge
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group played a role in the last section in the discussion of swampland models with no massless
matter charged under a central component of the gauge group. A complete analysis of these
more general cases is beyond the scope of this paper, but we make some basic remarks here
about a few aspects of these questions.
One useful tool in considering both low-energy 6D theories and their F-theory construc-
tions is the Higgsing process, which can connect theories with different gauge groups.7 We
have used Higgsing processes in many places in this paper to describe generic U(1)s models
from the Higgsing of generic nonabelian models with gauge groups G(s) = SU(2)s× SU(3)(
s
2),
for s = 1, 2, 3, . . . . For nonabelian groups such as SU(N), a theory with generic matter content
will still have generic matter content when a Higgs transition occurs from giving a vacuum
expectation value (VEV) to a pair of fields in the fundamental representation, for example. In
this case, the new gauge group is SU(N − 1), and the other matter fields in the fundamental
of SU(N), for example, decompose as N → (N − 1)+ 1 under SU(N − 1).
It is interesting to consider, however, what happens when we take an SU(N + 1) theory
with generic matter including at least one adjoint multiplet, and Higgs on an adjoint field
with the VEV diag(1, 1, . . . , 1,−N). In this case, the new gauge group is SU(N)×U(1)/ZN ,
where the discrete group ZN has elements of the form diag(ω, ω, . . . , ω)×ω−1 ∈ SU(N)×U(1),
with ω an Nth root of unity. That these elements of the discrete center of SU(N) × U(1)
correspond to trivial elements of the original group SU(N + 1) can be seen from the fact
that the SU(N) factor embeds naturally in the first N components of SU(N + 1), while the
U(1) factor is generated by diag(1, 1, . . . , 1,−N). Under such a Higgsing, the “bifundamental”
type fields that are charged under both SU(N) and U(1) take forms that differ from the
generic form when the product group SU(N)×U(1) is simply connected. In particular, fields
that take a given representation of SU(N) lead to U(1) charges that can only differ by shifts
through multiples of N . When the U(1) charges are labeled in units of 1/N , this corresponds
to unit shifts of the U(1) charges. For example, a fundamental of SU(N + 1) leads to a
fundamental of SU(N) with U(1) charge 1, which may naturally be described as charge 1/N ,
and a single hypermultiplet that is uncharged under SU(N) and has U(1) charge N , naturally
described as charge 1 in the units where the fundamental has charge 1/N . It is interesting
to note that it was observed that this same shift property seems to be generic for certain
F-theory realizations of SU(N) × U(1) gauge groups [63] (see also Footnote 9), though it is
not known that all F-theory models with such a gauge group can be thought of as coming
from a Higgsing of a larger gauge symmetry such as SU(N + 1). Note that there are multiple
possible actions of the ZN on the product group. For instance, when N is prime, we can have
a gauge group SU(N) × U(1)/ZN where the discrete group consists of elements of the form
7Actually, since there is no superpotential in six dimensions, 6D supergravity theories with different numbers
of tensor multiplets, different gauge groups, and different matter representations generally all live on branches of
a single moduli space, connected through Higgs transitions, tensionless string transitions (which trade a tensor
multiplet for 29 scalar multiplets in the simplest situations), and matter transitions [21]. For convenience,
however, we often refer to branches of the theory with different massless spectra as different models or “theories.”
See also Footnote 1.
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diag(ω, ω, . . . , ω) × ω−k ∈ SU(N) × U(1), with ω an Nth root of unity and k the modular
multiplicative inverse of k, which allows representations such as k.
The intuition gained from Higgsing SU(N + 1) → SU(N) × U(1)/ZN naturally leads us
to the question of determining the full set of generic matter for the latter gauge group. Under
this Higgsing, the generic matter of SU(N + 1) decomposes as
→
1/N
+ 11 ,
→
2/N
+ −1+1/N ,
Adj→ Adj0 +2× 1+1/N + 10 ,
(5.1)
where we have chosen to label the U(1) charges in units of 1/N . The AC conditions tell
us that we expect eight generic representations in this case, and indeed, if we add 12 to the
representations on the right-hand side of Eq. (5.1), this collection of representations appears to
be generic.8 Note that these representations look very similar to the generic representations
for SU(N) × U(1), in that they agree in the N → ∞ limit. More generally, the discrete
subgroup ZN can be embedded in the center of SU(N) × U(1) in multiple ways, as noted
above, and the choice of embedding determines the offset of the U(1) charges from those for
the SU(N)×U(1) generic matter, as shown in Table 4.
Another set of questions involves 6D theories with discrete gauge groups. These have
been a subject of much recent research ([64, 60, 65–68], see [30, 69] for reviews and further
references). We make only a few brief comments here. Starting from a U(1) theory with
generic matter, we have only charges q = 1, 2. Higgsing such a theory on fields of charge
q = 2 leads to a theory with discrete gauge group Z2 and charges q = 1. Thus, there is a
natural sense in which the discrete gauge group Z2 fits into the generic class of 6D supergravity
theories. On the F-theory side, however, and from the point of view of counting uncharged
scalar hypermultiplets, it is not clear why a Z2 discrete gauge group is more “generic” in any
meaningful sense than a theory with a Z3 discrete gauge group. We leave a further exploration
of these questions to future research.
5.2 Generic matter in 4D supergravity theories and F-theory models
From the point of view of the low-energy supergravity theory, much of the structure we have
used in 6D to classify generic matter is not available in four dimensions. In particular, for 4D
theories with N = 1 supersymmetry, there is in general a superpotential that lifts many or
most of the uncharged scalar moduli fields, so the notion of generic matter as being associated
with a larger number of moduli does not hold in the low-energy 4D theory; one may expect that
the number of flux vacua will be exponentially larger on higher-dimensional moduli spaces [70],
but the details of this are a bit harder to quantify explicitly. In 4D, there is also no analogous
8We have not proven this in complete generality, but have checked other allowed representations with small
charges and confirmed that all the representations we checked can be exchanged for these generic representa-
tions with an increase in moduli space dimension.
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SU(N)×U(1) SU(N)×U(1)/ZN
Generic Matter Generic Matter
10 10
11 11
12 12
0 k/N
1 1+k/N
−1 −1+k/N
0 2k/N
Adj 0 Adj 0
Table 4. Generic matter representations for gauge groups SU(N1) × U(1) and SU(N1) × U(1)/ZN .
Here, k ∈ Z is determined by the embedding of the ZN in the center of SU(N) × U(1), and we have
−N/2 < k ≤ N/2. If k is not relatively prime to N , then the quotient reduces to a quotient by the
relevant subgroup of ZN , which is the trivial group for k = 0.
gauge–gravity anomaly, so the matter content in a low energy theory is less constrained by
obvious anomaly constraints. Furthermore, the absence of a purely gravitational anomaly in
4D means that there is not as clear an upper bound on the number of fields in the theory in
4D, as opposed to 6D where Eq. (2.9a) puts a strict bound on the number and complexity of
charged and uncharged matter fields for a given gauge group.
A clearer indication perhaps for four dimensional theories is that the same geometric
structures arise in constructing 4D N = 1 supergravity theories from F-theory as arise in 6D.
In particular, the kinds of singularities that are most generic in Weierstrass models give rise
to common types of matter in 4D and 6D. There are further subtleties related to fluxes, the
superpotential, and chiral matter (see [30] for a recent detailed review), but there is a sense
in which the same types of matter fields that are generic for 6D are also the most generic
constructions in 4D F-theory models. Thus, we would expect that for SU(N) gauge groups
coming from generic F-theory constructions without exotic singularities and associated matter,
the natural representations would be the fundamental, adjoint, and two-index antisymmetric
representations. Similarly, for a theory with a U(1) gauge group we would expect generically
only charges q = 1, 2, unless as discussed in the previous section the U(1) is part of a larger
group like SU(N)×U(1)/ZN that has more complicated global structure.
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5.3 Generic matter and the standard model
The structure of generic matter seems to shed some interesting light on a long-standing ques-
tion regarding the standard model of particle physics. The gauge group of the standard model
is generally described as G(SM) = SU(3)c × SU(2)L × U(1)Y , with matter fields taken by
standard convention to have fractional charges under the U(1)Y gauge field. For example,
the left-handed quarks in the standard model transform in the fundamental representations of
SU(3) and SU(2) with U(1)Y charge Y = 1/6, while the right-handed up quark transforms in
the fundamental representation of SU(3) and the trivial representation of SU(2), with U(1)Y
charge Y = 4/6. If the gauge group of the standard model observed in nature really has
the global structure of G(SM), the natural units of charge would be such that the left-handed
quarks would have a unit charge 6Y = 1, while the right-handed electron would have charge
6Y = −6. Independent of charge normalization, this global structure of the gauge group
would make it appear to be an accident of nature that the electron has an electromagnetic
charge three times larger than the natural charge units for quarks. An alternative hypothesis
is that the actual global structure of the standard model gauge group is G = G(SM)/Z6, where
the the discrete Z6 has elements of the form diag(ω2)⊗ diag(ω3)⊗ ω, with ω a sixth root of
unity; all the charges of the fundamental particles in the standard model are invariant under
the central Z6, so there is no empirical evidence for or against this alternative hypothesis.
(In fact, there is also no empirical evidence that the U(1)Y factor is compact instead of a
non-compact R gauge group). See [71] for a recent analysis and further references regarding
this ambiguity in the gauge group of the standard model.
From the point of view of the generic matter representations identified in this paper, the
standard model gauge group without the Z6 quotient seems unnatural, in the sense that the
matter fields do not fit into the generic classes of fields listed in Table 2. In particular, as
mentioned above the right-handed up quark has 4 units of U(1)Y charge, the left-handed
leptons have −3 units of U(1)Y charge, etc. It is natural therefore to consider generic matter
for the gauge group SU(3)c × SU(2)L × U(1)Y /Z6. The generic matter we find, along with
each corresponding multiplet from the MSSM, is shown in Table 5.
Since our concrete definition of generic matter relies on the structure of 6D supergravity,
this is the context in which we have determined the generic matter fields in Table 5. We have
not proven rigorously that all possible other representations can be exchanged for the fields
in this table, but we have checked this by hand for all reasonably small representations. In
particular, for the gauge group of the SM, Eq. (2.9a) tells us that H ≤ 285 for any T (the
bound becomes more strict for larger T ) in a 6D supergravity theory. Thus, at least for 6D
theories with this gauge group, it suffices to check that the representations in Table 5 are
generic for all exchanges with representations of dimension at most 285. Carrying out this
brute force check, we do find that exchanges to the representations in Table 5 never decrease
the number of uncharged scalars.
The upshot of this analysis is that the matter content of the MSSM consists of generic
matter field types, so long as the global structure of the gauge group is SU(3)c × SU(2)L ×
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Generic Matter MSSM Multiplet
(1,1)0 N
c
(1,1)1 E
c
(1,1)2(
,1
)
2/3
U c(
,1
)
−1/3 D
c(
,1
)
−4/3(
1,
)
1/2
L =
(
N E
)
,Hu,Hd(
1,
)
3/2
(Adj,1)0
(1,Adj)0
(
,
)
1/6
Q =
(
U
D
)
Table 5. Generic matter representations (not including conjugates) for the gauge group SU(3)c ×
SU(2)L × U(1)Y /Z6, which include all the left-handed MSSM multiplets. The generic matter for the
group SU(3)c × SU(2)L ×U(1)Y does not include the MSSM multiplets.
U(1)Y /Z6. Note that this structure of the gauge group can arise in particular when the
standard model is realized by breaking a GUT group such as SU(5), E6, E7, or E8.
It is also interesting to consider the question of whether there are nontrivial 4D chiral
matter models that contain only generic matter for the gauge group SU(3)c×SU(2)L×U(1)Y
(without the Z6 quotient). For generic matter, we therefore consider the possible multiplicities
of the fields from Table 2 for a chiral theory with this gauge group. The AC conditions in
4D are linear and cubic in the hypercharge, rather than quadratic and quartic. These models
can indeed have chiral matter, and so we can ask how the multiplicities of each representation
must be related to those of their conjugates in order to satisfy anomaly cancellation. We
note immediately that fields like the left-handed quark fields, which transform under all three
gauge factors, are not among the set of generic matter fields.
Furthermore, the only field charged under both the SU(2) and U(1)Y factors has charges
(1, )1, so the difference between left- and right-handed multiplicities of this field must vanish
by the U(1) SU(2)2 anomaly. This implies that we cannot have any chiral matter that is
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charged under both the SU(2)L and the U(1)Y , including, e.g., a field like an “electron.”
There is, however, a nontrivial multi-parameter family of solutions to the complete set of 4D
anomaly equations. Defining ∆xR := xR − xR, we find a family of solutions of the form
∆x( ,1)0 = a , ∆x(1, )0 = b , ∆x(Adj,1)0 = c , ∆x(1,Adj)0 = d ,
∆x( ,1)1 = ∆x( ,1)−1 = e , ∆x( , )0 = (−a− 2e)/2 ,
∆x(1, )1 = ∆x(1,1)1 = ∆x(1,1)2 = 0 .
(5.2)
If the standard model gauge group did not have a global structure with the Z6 quotient, this
would appear to be the most generic type of matter we would expect from considerations of 6D
supergravity and F-theory geometry. This would be a less phenomenologically rich world than
the one we live in, however, with no fields simultaneously charged under the SU(2) and U(1)Y
gauge factors, like the left-handed quarks and charged leptons. In the context of F-theory, we
might expect to have constructions leading to either the MSSM with the gauge group having
the quotient structure and the standard MSSM matter fields associated with generic matter
from Table 5, or the gauge group having the product structure without the quotient and a
spectrum in the family of fields listed in Eq. (5.2). The MSSM with the gauge group having
no quotient taken, however, seems to involve non-generic matter and is likely disfavored by
F-theory or perhaps any other approach to string compactification.9
6 Conclusions
In this paper, we have introduced a notion of “generic” matter representations for different
gauge groups in supergravity theories. This notion is given a specific and quantitative meaning
9 Note that in [63], a swampland hypothesis was put forward regarding F-theory constructions of theories
with product groups, and it was suggested that this implied that the standard model gauge group as constructed
by F-theory would generally have the Z6 quotient. That argument is somewhat different from what we are
saying here. The precise statement made in [63] depends upon the assumption that in a theory with a
U(1) factor, the lattice of singlet charges associated with fields charged under that U(1) but no other factors
determine the preferred normalization of that U(1) charge. For theories with only a single U(1) and no other
gauge factors, this is a special case of the massless field swampland hypothesis mentioned in Section 4.3.3.
Under the more general hypothesis that this statement is true even in the presence of one or more nonabelian
factors, [63] argue that in any F-theory model, all fields that transform in a given representation of the
remaining gauge factors must differ by a multiple of the normalized U(1) charge. Several comments on this
result and the connection to the present work: 1) This argument does not rule out in any way the existence of
F-theory models with a standard model gauge group (without Z6 quotient) and spectrum composed of the fields
listed in Eq. (5.2), as long as there is at least one multiplet with charges (1,1)1 (note that this multiplicity need
not vanish in 6D theories or for vector-like 4D multiplets). 2) It is not clear that the assumption quoted above
is correct. In particular, consider a theory with gauge group SU(2)× U(1) with x
1
= 0 but x12 , x
2
6= 0.
This would not be allowed by this assumption. Nevertheless, there are anomaly-free models with such spectra
in 6D. While no F-theory constructions for such models are known, this is likely because
2
is a non-generic
representation and would require a fine-tuned exotic Weierstrass model; thus, we see no reason why such models
cannot exist. 3) The statement that any model where the singlet U(1) charge can be used as a measuring stick
for the massless charged fields must have a gauge group with a quotient structure is again a special case of
the massless field swampland hypothesis of Section 4.3.3.
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in the context of six-dimensional supergravity theories, where we define generic matter repre-
sentations to be those that arise on the branches of the moduli space of largest dimension for
a given gauge group when the anomaly coefficients are suitably small. This definition matches
nicely with the anomaly cancellation conditions in six dimensions, and also matches with the
matter representations that arise through the most direct and straightforward geometric con-
structions in the language of F-theory. While we use six dimensional supergravity to give a
concrete definition to the notion of generic matter, the correspondence with natural construc-
tions in F-theory suggests that this notion should also be meaningful for four-dimensional
supergravity theories containing gauge groups and matter fields in various representations.
The notion of generic matter illuminates some outstanding puzzles related to 6D super-
gravity and F-theory. As we have described in Section 3, the structure of generic matter
clarifies what kinds of charged matter we expect in the most generic constructions of F-theory
models with multiple abelian gauge factors, and may be helpful in guiding further research on
the challenging problem of explicitly constructing such models.
Generic matter also provides a useful tool for framing questions about the string swamp-
land. As discussed in Section 4, when we restrict to 6D supergravity theories with a string
charge lattice and positivity cone compatible with those known to arise from geometric con-
structions, the swampland of apparently consistent theories with no known realization in
F-theory is rather limited for theories with only generic matter content. The main questions
in this regard can then in large part be related to questions about exotic matter representa-
tions and the construction of Weierstrass models realizing sufficiently exotic singularities to
realize these representations.
Perhaps the most interesting application of these ideas is in the context of 4D physics.
Naively, even taking the structure of the standard model gauge group SU(3)c × SU(2)L ×
U(1)Y to be fixed, one could imagine consistent theories with an essentially infinite number
of possible different combinations of light matter fields in different representations. Of course,
the standard model is known to have one of the simplest combinations of such fields that
satisfies 4D anomaly cancellation conditions, but the notion of generic matter gives a concrete
framework that motivates why such a “simplest combination” may be favored by nature, at
least in the context of a UV completion such as F-theory. In fact, as we have found here,
the matter representations in the standard model are only generic if the gauge group has the
global structure SU(3)c × SU(2)L × U(1)Y /Z6. While there is as yet no simple and direct
experimental mechanism for testing this aspect of the global structure of the gauge group,
this distinction is a promising sign that this kind of analysis may eventually lead us to new
insights regarding important and observable features of physics beyond the standard model.
As mentioned at the end of the introduction, it is important to note that we are defining
generic matter in this paper in terms of a fixed choice of gauge group. Thus, the analysis
presented here represents a refinement of our understanding of the space of 6D supergravity
theories and F-theory vacua that goes beyond the more basic question of which gauge groups
are most generic or prevalent in the broader landscape of supergravity or string vacua. As
also noted in the introduction, we have not here discussed strongly coupled conformal mat-
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ter associated with gravitationally coupled SCFTs, which represent another important and
interesting arena for study.
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A Generic matter for SU(N1)× · · · × SU(Nr)×U(1)3
In this appendix, we will prove that the matter representations given in Table 2 are generic
in the case of
∏
i SU(Ni) × U(1)3, in the sense that exchanges from other representations to
these representations never decrease the number of uncharged scalars. We will first prove this
to be true for canonical generic matter for SU(N) and U(1)3 individually, after which we can
use these results in the proof for SU(N)×U(1)3 and ∏i SU(Ni)×U(1)3. We have addressed
the non-canonical generic matter types in the various sections of the main text.
A.1 SU(N)
Note that, defining
(T12)ij = δi1δj1 − δi2δj2 ,
(T34)ij = δi3δj3 − δi4δj4 ,
(T123)ij = δi1δj1 + δi2δj2 − 2δi3δj3 ,
(A.1)
the group theory coefficients AR, BR, CR, ER can be computed directly via
AR =
1
2
trR T
2
12 (A.2a)
BR + 2CR =
1
2
trR T
4
12 , (A.2b)
CR =
3
4
trR T
2
12T
2
34 , (A.2c)
ER = −1
6
trR T
3
123 . (A.2d)
In this section, we take the definition of CR in Eq. (A.2c) at face value, so that CR = 0 for
SU(2) and SU(3), while BR does not necessarily vanish. This is in contrast to the conventions
of Section 2, where we take BR = 0 for SU(2) and SU(3), and would have CR = 14 trR T
4
12 for
these groups.
Consider a theory with gauge group G = SU(N). An exchange that trades a hypermulti-
plet charged under the non-generic representation R for some combination of hypermultiplets
charged under the canonical generic matter representations in Table 2 increases the number
of uncharged scalars by an amount
X = d+
(
3N + 1
12
)
gR +
N(N − 3)
6
CR −NAR (A.3)
– 49 –
where
d = dimR ,
gR = BR + 2CR −AR .
(A.4)
In terms of traces, we can rewrite X in the form
X = d+ trR
{
N
8
T 212
[
T 212 + (N − 3)T 234 − 5
]
+
1
24
T 212
(
T 212 − 1
)}
. (A.5)
Recall that the irreducible representations of SU(N) are in bijection with Young diagrams
with at most N − 1 rows. Let λ be the partition such that the Young diagram of shape
λ, which we will call [λ], corresponds to the representation R. The basis elements of the
representation R then correspond to semistandard Young tableaux (SSYT) of shape λ with
entries in 1, . . . , N ; we denote the set of such Young tableaux as SSYTN (λ).
Using this fact, the trace in Eq. (A.5) can be evaluated as a sum over SSYTN (λ):
X =
∑
T∈SSYTN (λ)
{
1 +
N
8
(µ1 − µ2)2
[
(µ1 − µ2)2 + θ(N − 4)(N − 3)(µ3 − µ4)2 − 5
]
+
1
24
(µ1 − µ2)2
[
(µ1 − µ2)2 − 1
]}
.
(A.6)
Here, µ = (µ1, µ2, . . . , µN ) is the weight of the SSYT T , so that the entry i occurs µi times in
T , and θ is the Heaviside step function.
Our goal is to show that X is always non-negative. We proceed by casework. We want to
identify the SSYT for which the corresponding summand is negative, so that we can ensure
they are compensated for by other positive summands and the resulting sum is never negative.
For ease of notation, denote the contribution from SSYT T of weight µ by Sµ, so that
X =
∑
T∈SSYTN (λ)
Sµ . (A.7)
Note that if µ1 = µ2, then Sµ = 1.
We first consider the case that µ3 = µ4; this also covers the cases where N < 4, in which
case there is no quartic Casimir and thus no generator T34. In this case, we have
Sµ = 1 +
k2
8
[
N
(
k2 − 5)+ k2 − 1
3
]
(A.8)
for µ1 = µ2 ± k, which gives Sµ = 1 for k = 0, Sµ = 1− N2 for k = 1, Sµ = 32 − N2 for k = 2,
and Sµ > 1 for k > 2.
Next, we consider the case µ3 = µ4 ± 1 and N ≥ 4. In this case,
Sµ = 1 +
k2
8
[
N2 +N
(
k2 − 8)+ k2 − 1
3
]
(A.9)
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for µ1 = µ2 ± k, which gives Sµ = 1 for k = 0, Sµ = 1 + N(N−7)8 ≥ −12 for k = 1, and Sµ > 1
for k > 1.
For |µ3 − µ4| ≥ 2, Sµ ≥ 1 for all values of µ1, µ2.
Thus, there are only three types of tableaux we must consider to ensure that X > 0:
those with µ3 = µ4 (or N < 4) and µ1 = µ2 ± 1 or µ1 = µ2 ± 2, and those with µ3 = µ4 ± 1
and µ1 = µ2 ± 1.
First, note that Sµ ≥ 0 for all T when N = 2, so X ≥ 0 for SU(2).
For N > 2, it will be useful to consider the collective contribution S˜µ :=
∑
pi∈SN Spi(µ) from
all diagrams of a given weight µ and all of its permutations. To see why, we briefly introduce
some facts about the Kostka numbers. The number of SSYT of shape λ and weight µ is given
by the Kostka number Kλµ [72]. A useful fact is that the Kostka number Kλµ is invariant
under permutations of the weight µ [73], i.e., Kλµ = Kλpi(µ) for any permutation pi ∈ SN .
Thus, every term in
∑
pi∈SN Spi(µ) will be proportional to Kλµ. Another useful fact is that if
µ, µ′ are partitions (i.e., they are weakly decreasing) and µ D µ′, then Kλµ′ ≥ Kλµ [74]. Here,
D is the dominance order, under which (µ1, . . . , µN ) D (µ′1, . . . , µ′N ) if
∑k
i=1 µi ≥
∑k
i=1 µ
′
i for
all 1 ≤ k ≤ N .
We now move on to consider N > 2. We will carefully elaborate the argument for N = 3,
and then appeal to similar reasoning for N > 3. For N = 3, the only tableaux that contribute
negatively are those with µ1 = µ2 ± 1, which contribute Sµ = −12 . Consider the summed
contribution S˜µ for weight µ = (j, j + 1, k′) with fixed j, k′. We know the result will be
proportional to Kλµ, and the contributions Sµ each only depend on the relative differences of
the µi, so for notational simplicity we can instead refer to a “relative weight” µ−µ1 = [0, 1, k]
for k = k′−j, where we are using square brackets to indicate that the entries are taken relative
to µ1. Furthermore, we will still account for all possible cases if we assume k ≥ 1, because Sµ
does not depend on the sign of the differences µ1 − µ2 and µ3 − µ4. The tableaux of weights
[0, 1, k] and [1, 0, k] each contribute −Kλµ/2. We have the cases k = 1, k = 2, and k > 2. In
the case k = 1, the contribution from tableaux of weight (1, 1, 0) is +Kλµ, as Sµ = 1 for all
tableaux with µ1 = µ2. In the case k > 2, the contribution from tableaux of weight (0, k, 1) is
at least +Kλµ, as Sµ ≥ 1 for all tableaux with |µ1−µ2| > 2. The only case in question is then
k = 2, in which case the weights [1, 2, 0] and [2, 1, 0] each contribute an additional −Kλµ/2
and the weights [0, 2, 1] and [2, 0, 1] contribute nothing. Thus, S˜[2,1,0] = −2Kλµ and all other
contributions S˜µ are non-negative. We will defer the discussion of this case to later in this
section.
Similar arguments can be considered for N > 3. Using such arguments, we can see that
if the relative weight [0, µ2 − µ1, . . . , µN − µ1] contains an entry of 3 or greater, then S˜µ
will be non-negative, because the negative contributions will be outweighed by large positive
contributions from the differences of at least three in the relevant permutations. Thus, we
restrict to relative weights with only entries 0, 1, 2. Again, similar arguments lead to the
conclusion that the only relative weight that gives a negative S˜µ is of the form [2, 1, . . . , 1, 0],
with a single 2, a single 0, and all other entries 1. Using the result above for the values of Sµ
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for a given µ, we find that in this case,
S˜[2,1,...,1,0] = (1−N)Kλµ , N ≥ 3 . (A.10)
This includes the only possible trouble case we found for N = 3.
We thus restrict our attention to relative weights of the form [2, 1, . . . , 1, 0] for N ≥ 3.
Our arguments thus far have only dealt with the weight µ of the tableaux, but not the shape
λ. Consider a weight µ = (2 + k, 1 + k, . . . , 1 + k, k). Note that if the diagram [λ] has fewer
than 2 + k columns, then Kλµ = 0; in fact, [λ] must have at least k + 1 boxes outside of the
first k+1 columns, as there can be at most N−1 rows in the Young diagram [λ] corresponding
to an irreducible representation of SU(N). In the case k = 0, [λ] can have a single box in
the second column and none in the third. In this case, [λ] is the adjoint representation and
µ = (2, 1, . . . , 1, 0). Here, we can see that the negative contribution is (1 −N)Kλµ = 1 −N ,
which is exactly balanced by the positive contribution Kλµ′ = N − 1 of diagrams with weight
µ′ = (1, . . . , 1). These are the only diagrams that contribute, so in this case X = 0, as we
already knew because the adjoint is one of the representations in our set of generic matter.
In all remaining cases, there are at least two boxes outside of the first k + 1 columns,
at least one of which must be in the first row. First, consider the case that there are two
additional boxes in the first row, i.e., the first row contains at least k+ 3 boxes, and consider
tableaux of weight µ = (k, 2 + k, 1 + k, . . . , 1 + k). Because such tableaux have at least k + 3
columns and only k + 2 instances of the entry 2, and also have more of each entry higher
than 2 than of 1 entries, there must be at least one column with no entry 2 but containing
higher entries. Thus, from each such tableau we can produce a new valid tableau of the same
shape as follows: in the leftmost column that contains no 2 but does contain higher entries,
we replace the lowest entry greater than 2 with a 2. This maps each tableau of shape λ and
weight µ to a new tableau of shape λ and weight (k, 3 + k, 1 + k, . . . , 1 + k, k, 1 + k, . . . , 1 + k),
although which other entry has only k instances depends on the original tableau. This map is
not generally invertible, as it may not be injective; however, because all 2 entries occur in the
first two rows, the map is at most two-to-one. Thus, although Kλ[0,0,3,1,...,1] ≤ Kλµ (because
of the dominance order), we see that
Kλµ ≤ 2(N − 2)Kλ[0,0,3,1,...,1] , (A.11)
where the factor of N − 2 accounts for all possible entries higher than 2 that could have been
traded for an additional 2 in the above map, and the factor of 2 accounts for the map possibly
being two-to-one. The negative contribution we must balance is (1−N)Kλµ, and so the more
useful inequality is
(N − 1)Kλµ ≤ 2(N − 1)(N − 2)Kλ[0,0,3,1,...,1] . (A.12)
Now, if we consider all tableaux of shape λ with weight µ′ = (k, 3 + k, k, 1 + k, . . . , 1 + k) or
any permutation thereof, their total contribution to X is
1
2
(N − 2)(7N2 + 9)Kλµ′ . (A.13)
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Using the inequality (A.12), we then have
1
2
(N − 2)(7N2 + 9)Kλµ′ − (N − 1)Kλµ ≥ 1
2
(N − 2)(7N2 + 9)Kλµ′
− 2(N − 1)(N − 2)Kλµ′
=
1
2
(N − 2)[N(7N − 4) + 13]Kλµ′
≥ 0 .
(A.14)
Thus, the positive contribution from such tableaux is always sufficient to balance the negative
contributions from those of relative weight [2, 1, . . . , 1, 0] and its permutations, when [λ] has
at least k + 3 boxes in the first row.
In the remaining cases, [λ] must have at least two boxes in the column k + 2, and no
boxes in column k + 3. We can then use a similar approach as above. In this case, we again
consider tableaux of weight (k, 2 + k, 1 + k, . . . , 1 + k), and note that we can map each to a
new tableau by replacing with a 3 the least entry greater than 3 in the leftmost column that
contains no 3 but does contain higher entries. This is again at most a two-to-one map. This
proves that
(N − 1)Kλµ ≤ 2(N − 1)(N − 3)Kλ[0,0,2,2,1,...,1] . (A.15)
Considering all tableaux of weight µ′ = (k, k, 2 +k, 2 +k, 1 +k . . . , 1 +k) or any permutations
thereof, we see that these tableaux collectively contribute[
1
2
N(N − 1)(N − 2)− 2
]
Kλµ′ . (A.16)
We then have[
1
2
N(N − 1)(N − 2)− 2
]
Kλµ′ − (N − 1)Kλµ ≥
[
1
2
N(N − 1)(N − 2)− 2
]
Kλµ′
− 2(N − 1)(N − 3)Kλµ′
=
1
2
(N − 2)[N(N − 5) + 8]Kλµ′
≥ 0 .
(A.17)
This shows that the negative contribution from tableaux of relative weight [2, 1, . . . , 1, 0] and
its permutations is compensated in all remaining cases, completing the proof. Thus, the
representations presented in Table 2 are generic for the gauge group G = SU(N).
A.2 U(1)3
Now we consider a theory with gauge group G = U(1)3. An exchange that trades a hy-
permultiplet charged under the non-generic representation (q1, q2, q3) for some combination
of hypermultiplets charged under the canonical generic matter representations in Table 2
increases the number of uncharged scalars by an amount
Y =
1
16
[
2Q21(Q2 − 7) +Q2(Q2 − 6) +Q41 + 4(Q22 + 3Q11) + 16
]
, (A.18)
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where
Q1 = q1 + q2 + q3 ,
Q2 = q
2
1 + q
2
2 + q
2
3 ,
Q11 = q1q2 + q1q3 + q2q3 ,
Q22 = q
2
1q
2
2 + q
2
1q
2
3 + q
2
2q
2
3 .
(A.19)
This polynomial is non-negative for all integer charges qi ∈ Z. To see this, first note that
Q22 + 3Q11 = q1q2(q1q2 + 3) + q1q3(q1q3 + 3) + q2q3(q2q3 + 3) (A.20)
has a minimum value of −2 on the integers, so 4(Q22+3Q11)+16 ≥ 8 on the integers. The term
Q41 is clearly non-negative, as it is a fourth power. Thus, the only negative contributions can
occur whenever Q2 < 7. We can easily enumerate the possible charge combinations for which
this is true: (0, 0, 0), (1, 0, 0), (1,±1, 0), (1, 1,±1), (±2, 0, 0), (2,±1, 0), (2, 1,±1), (2,−1,−1),
and their permutations (and conjugates). However, most of these representations are members
of the set of generic matter in Table 2, and so we already know that their exchanges do not
change the number of uncharged scalars, and we can check the remaining cases by hand. We
find that Y is non-negative for all cases, so the representations presented in Table 2 are generic
for the gauge group G = U(1)3.
A.3 SU(N)×U(1)3
We now consider a theory with gauge group SU(N) × U(1)3. An exchange that trades a
hypermultiplet charged under the non-generic representation R(q1,q2,q3) for some combination
of hypermultiplets charged under the canonical generic matter representations in Table 2
increases the number of uncharged scalars by an amount
P1 = X + dY − d+NAR(Q2 −Q11) , (A.21)
in terms of the quantities defined in Appendices A.1 and A.2. We know already that X,Y ≥ 0
for any R and q1, q2, q3 ∈ Z. To deal with the final two terms, note that Y − 1 ≥ 0 for all
charge combinations other than (1, 0, 0), (1,±1, 0), (1, 1,−1), (2, 0, 0), (2,−1, 0), and their
permutations (and conjugates). For each of these charge combinations, Q2 − Q11 ≥ 1, and
so X − d + NAR(Q2 − Q11) ≥ 0 because CR, gR ≥ 0. Thus, P1 ≥ 0 for all representations
R(q1,q2,q3).
A.4 SU(N1)× SU(N2)×U(1)3
We now consider a theory with gauge group SU(N1) × SU(N2) × U(1)3. An exchange that
trades a hypermultiplet charged under the non-generic representation (R1, R2)(q1,q2,q3) for some
combination of hypermultiplets charged under the canonical generic matter representations in
Table 2 increases the number of uncharged scalars by an amount
P2 = d1X2 + d2X1 + d1d2Y +N1A1N2A2 − 2d1d2 + (d1N2A2 + d2N1A1)(Q2 −Q11) , (A.22)
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in terms of the quantities defined in Appendices A.1 and A.2, with Xi, di, and Ai := ARi
for i = 1, 2 corresponding to the respective SU(Ni) gauge factors. Using the same arguments
as in the previous section, we can account for one factor of −d1d2 by absorbing it into Y for
most values of the qi, or into the nonabelian terms in the remaining cases.
To account for the other factor of −d1d2, we appeal to the fact that NAi ≥ di for all
representations other than the singlet. This fact can be demonstrated using the same approach
as in Appendix A.1; in this case, we find that the only “trouble cases” are the relative weights
of the form µ = [1, . . . , 1], which contribute −Kλµ. Using the approach of Appendix A.1, we
consider the map between tableaux that replaces the entry in the box immediately to the right
of the final 1 (which must exist, as there are N(1 + k) boxes and 1 + k instances of entry 1
in at most N − 1 rows, for some k) with a 1. Unlike the earlier cases, this map is a bijection,
and thus shows that
Kλµ ≤ (N − 1)Kλ[2,1,...,1,0] . (A.23)
The tableaux of weight µ′ = (2 + k, 1 + k, . . . , 1 + k, k) and its permutations collectively
contribute N(N + 1)Kλµ′ , and we then have
N(N + 1)Kλµ′ −Kλµ ≥ [N(N + 1)− (N − 1)]Kλµ′
= (N2 + 1)Kλµ′
≥ 0 .
(A.24)
Thus, in the case that neither R1 nor R2 is the singlet, N1A1N2A2 ≥ d1d2; in the case that
one of them is the singlet, say R1 = 1, then d2X1 = d1d2, balancing the remaining −d1d2.
Thus, P2 ≥ 0 for all representations (R1, R2)(q1,q2,q3).
A.5 SU(N1)× · · · × SU(Nr)×U(1)3
Because the generic matter in Table 2 only has matter charged under at most two of the
nonabelian factors, we can see that the result of Appendix A.4 generalizes trivially to an
arbitrary number of SU(N) factors, completing the proof that the canonical matter in Table 2
is generic for the gauge group G = SU(N1) × · · · × SU(Nr) × U(1)3. By taking the all
hypermultiplets to be uncharged under some or all of the U(1) factors, this also proves the
result for SU(N1)× · · · × SU(Nr)×U(1)s, s ≤ 3.
B Generic SU(2) matter at small b, T > 0
Here, we will generalize the proofs given in Section 3.5.3 to higher T , using an approach that
does not rely on the positivity cone. We will restrict our attention to SU(2) theories. Consider
the lattice
Γ = diag(1,−1,−1, . . . ,−1) , (B.1)
for 1 ≤ T < 9, with corresponding −a = (3,−1, . . . ,−1), which is fixed by the characteristic
vector criterion shown in [20]. (Note that the even lattice (4.9), which was already treated in
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Section 3.5.3, only arises at T = 1, so we do not revisit that case here.) We wish to prove that
for sufficiently small values of b = (b0, . . . , bT ), there is always a solution of the AC conditions
with only fundamentals and adjoints. We define n = b · b and γ = −a · b.
The genus is defined as
g =
b · (b+ a)
2
+ 1 =
n− γ
2
+ 1 . (B.2)
This expression is given by the Riemann–Roch formula in the F-theory setting, but from the
low-energy point of view, this can be taken as a definition of the quantity g. By taking the
appropriate combination of Eqs. (2.9c) and (2.9e), we can write the genus for an SU(2) model
as
g =
1
12
∑
R
xR(2CR −AR) . (B.3)
Thus, we can assign to each representation R a genus
gR =
2CR −AR
12
, (B.4)
so that g is the sum of the gR over all hypermultiplets. As mentioned in Section 3.2, an
arbitrary SU(2) representation · · ·︸ ︷︷ ︸
k
has AR =
(
k+2
3
)
and CR =
(
k+2
3
)3k(k+2)−4
10 . From
these, we see that
gR =
(k + 3)(k + 2)(k + 1)k(k − 1)
120
. (B.5)
We see that g = 0, g = 1, and that the genus is strictly increasing in k. Thus, for a
given choice of b, the genus must be non-negative for there to be any solutions to the AC
equations, so we must have
n− γ
2
+ 1 ≥ 0 . (B.6)
Now consider a choice of b for which there is no valid solution (one with non-negative
multiplicities) in terms of generic matter. There is a unique solution for the multiplicities
x1, x , x for this b, and we know that x = g must be non-negative from the above
argument. We further know that x1 ≥ 0, because if this were not the case, then no exchanges
of the form (3.8) could result in a valid solution, as they all reduce the number of uncharged
scalars in exchange for larger representations. Thus, we must have x < 0, by the assumption
this choice of b does not have a valid solution with only these three representations. This gives
us the further constraint
x = 8γ − 2n < 0 . (B.7)
For there to be a valid solution at all with this choice of b, there must be a sequence
of exchanges for larger representations that will result in all non-negative multiplicities. As
shown in Eq. (3.8), exchanges to higher representations produce fundamentals but consume
adjoints, and so there must be a sufficient number of adjoints in order for exchanges to give
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a positive multiplicity x without x becoming negative. From Eq. (3.8), an exchange to
· · ·︸ ︷︷ ︸
k
produces
(k + 4)(k + 2)(k + 1)k(k − 2)
30
(
k+3
5
) = 4(k + 4)(k − 2)
(k + 3)(k − 1) (B.8)
fundamentals for every adjoint it consumes. This ratio is strictly increasing in k, and ap-
proaches 4 as k →∞. Thus, we must have
x ≥ −4x (B.9)
in order for there to be a sufficient number of adjoints for exchanges to make all multiplicities
positive. This gives us the third constraint
8γ − 2n ≥ −4
(
n− γ
2
+ 1
)
. (B.10)
This constraint along with Eq. (B.7) implies Eq. (B.6). We see then that the range of possible
γ, n where there may be a problem with generic matter solutions is the set of integer pairs in
the range
γ ≥ 0 , n > 4γ . (B.11)
From −a = (3,−1. . . . ,−1), we have
n = b20 −
T∑
i=1
b2i , γ = 3b0 +
T∑
i=1
bi . (B.12)
For each fixed T, x, from the inequality
T∑
i=1
b2i ≥
1
T
(
T∑
i=1
bi
)2
, (B.13)
we have
n ≤ b20 −
1
T
(
T∑
i=1
bi
)2
= b20 −
(γ − 3b0)2
T
. (B.14)
We see that for a fixed T the resulting parabola is tangent to the line n = 4γ when
b0 = 6 + 2
√
9− T . (B.15)
For smaller values of b0, the parabola lies outside the region (B.11), so there is always a
solution with non-negative multiplicities of generic matter when T < 9, b0 ≤ 6. An explicit
check shows that the first integer value of b0 that exceeds the value in Eq. (B.15) for each T
corresponds to a valid choice of b that does not admit generic matter. For example, at T = 3,
b = (11, 2, 2, 2) gives γ = 27, n = 109, which has n > 4γ. In Figure 4, we show the parabolas
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Figure 4. A plot of the parabolas n = b20 − (γ−3b0)
2
T with the critical value b0 = b6 + 2
√
9− T + 1c,
for T = 1, . . . , 9. These values are b0 = 12, 12, 11, 11, 11, 10, 9, 9, 7 for T = 1, . . . , 9, respectively. The
lightest yellow curve is the parabola n = γ2/9, relevant for T = 0, and the curves for T = 1, . . . , 9
appear in progressively darker colors. The dashed line is n = 4γ, the line below which there exist valid
choices of anomaly coefficient that do not yield generic matter solutions. In black are points within
the parabolas for T = 1, . . . , 9 for which there are valid solutions of the AC conditions but no solutions
with generic matter.
n = b20 − (γ−3b0)
2
T with b0 = b6 + 2
√
9− T + 1c for each T , and how they intersect the line
n = 4γ.
For T = 9 with the unimodular lattice (B.1), the same result holds. While from the
low-energy point of view we cannot rule out the unimodular lattice U ⊕ E8 at T = 9, the
only F-theory construction with this lattice uses the Enriques surface and does not admit any
gauge group since the canonical class is trivial up to torsion. Similarly, any F-theory model
with T > 9 must have a larger gauge group than SU(2) from non-Higgsable clusters, so this
argument shows that there is a non-negative generic matter spectrum for all SU(2) models
that are not already in the swampland for other reasons.
Note that this proof does not require a choice of positivity cone, and so is strictly more
powerful than the arguments given in Section 3.5.3, even for the case of T = 1.
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C Generic matter spectra for G = U(1)2
In this appendix, we briefly discuss generic matter for the group G = U(1)2 with general T .
Solving the AC equations (2.11) for the two nine-element subsets (including (0, 0)) of
generic U(1)2 matter that include the (2,−1), (−1, 2) and (2, 1), (1, 2) pairs of charge combi-
nations, we find that
x1,0
x0,1
x2,0
x0,2
x1,±1
x1,∓1
x2,±1
x±1,2

=

−8 ±7 0 −1 ±2 −1 ±32 0
0 ±7 −8 0 ±32 −1 ±2 −1
1
2 ∓1 0 14 ∓12 0 0 0
0 ∓1 12 0 0 0 ∓12 14
0 ∓9 0 0 ∓32 12 ∓32 0
0 ±1 0 0 ∓12 12 ∓12 0
0 ±1 0 0 ±12 0 0 0
0 ±1 0 0 0 0 ±12 0


a · b11
a · b12
a · b22
b211
b11 · b12
b11 · b22 + 2b212
b22 · b12
b222

. (C.1)
Similarly, solving the AC equations (2.11) for the two nine-element subsets (including (0, 0))
of generic U(1)2 matter that include the (2,−1), (1, 2) and (2, 1), (−1, 2) pairs of charge com-
binations, we find that
x1,0
x0,1
x2,0
x0,2
x1,±1
x1,∓1
x2,±1
x∓1,2

=

−8 ±1 0 −1 ±2 −1 ∓32 0
0 ∓1 −8 0 ±32 −1 ∓2 −1
1
2 ∓1 0 14 ∓12 0 0 0
0 ±1 12 0 0 0 ±12 14
0 ∓5 0 0 ∓32 12 ±12 0
0 ±5 0 0 ∓12 12 ±32 0
0 ±1 0 0 ±12 0 0 0
0 ∓1 0 0 0 0 ∓12 0


a · b11
a · b12
a · b22
b211
b11 · b12
b11 · b22 + 2b212
b22 · b12
b222

. (C.2)
By inspecting these matrices, we see that in all four cases, a good solution with non-
negative multiplicities must have b12 satisfying
1
2
b11 ·
(
a+
1
2
b11
)
≥ ±b12 ·
(
a+
1
2
b11
)
≥ 0
1
2
b22 ·
(
a+
1
2
b22
)
≥ ±b12 ·
(
a+
1
2
b22
)
≥ 0
(C.3)
for the relevant choice of signs. Note that any good solution must have
− a · b11,−a · b22, b211, b222, b11 · b22 + 2b212 ≥ 0 , (C.4)
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following directly from the forms of the AC equations (2.11).
In Section 3.6.3, we show that when T = 0, there is always a non-negative generic matter
spectrum when the anomaly coefficients b are not too big.
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